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FOREWORD

Engineering has played a very significant role in the progress and expansion of mankind and
society for centuries. Engineering ideas that originated in the Indian subcontinent have had a
thoughtful impact on the world.

All India Council for Technical Education (AICTE) had always been at the forefront of assisting
Technical students in every possible manner since its inception in 1987. The goal of AICTE has
been to promote quality Technical Education and thereby take the industry to a greater heights
and ultimately turn our dear motherland India into a Modern Developed Nation. It will not be
inept to mention here that Engineers are the backbone of the modern society - better the
engineers, better the industry, and better the industry, better the country.

NEP 2020 envisages education in regional languages to all, thereby ensuring that each and
every student becomes capable and competent enough and is in a position to contribute
towards the national growth and development.

One of the spheres where AICTE had been relentlessly working from last few years was to
provide high-quality moderately priced books of International standard prepared in various
regional languages to all it's Engineering students. These books are not only prepared keeping
in mind it's easy language, real life examples, rich contents and but also the industry needs in
this everyday changing world. These books are as per AICTE Model Curriculum of Engineering
& Technology — 2018,

Eminent Professors from all over India with great knowledge and experience have written these
books for the benefit of academic fraternity. AICTE is confident that these books with their rich
contents will help technical students master the subjects with greater ease and quality.

AICTE appreciates the hard work of the original authors, coordinators and the translators for
their endeavour in making these Engineering subjects more |ucid.

(Anil D. Sahasrabudhe)
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Preface

he book titled “Physics - Introduction to Electromagnetic Theory” is an outcome of the

rich experience of our teaching of basic physics courses. The initiation of writing this book
is to expose basic science to the engineering students to the fundamentals of physics as well as
enable them to get an insight of the subject. Keeping in mind the purpose of wide coverage as well
as to provide essential supplementary information, we have included the topics recommended by
AICTE, in a very systematic and orderly manner throughout the book. Efforts have been made to
explain the fundamental concepts of the subject in the simplest possible way.

During the process of preparation of the manuscript, we have considered the various
standard text books and accordingly we have developed sections like critical questions, solved and
supplementary problems etc. While preparing the different sections emphasis has also been laid
on definitions and laws and also on comprehensive synopsis of formulae for a quick revision of the
basic principles. The book covers all types of medium and advanced level problems and these have
been presented in a very logical and systematic manner. The gradations of those problems have
been tested over many years of teaching a wide variety of students.

Apart from illustrations and examples as required, we have enriched the book with numerous
solved problems in every unit for proper understanding of the related topics. Under the common
title “Physics” there is a set of four books covering different aspects and applications of physics
in engineering. Out of those, the first one covers Introduction to Electromagnetic Theory, the
second one is based on Introduction to Mechanics, the third one is related to Quantum Mechanics
for Engineers and the fourth one is based on Oscillations, Waves and Optics. It is important to
note that in all the books, we have included the relevant laboratory practical. In addition, besides
some essential information for the users under the heading “Know More” we have clarified some
essential basic information in the appendix and annexure section.

As far as the present book is concerned, ”Physics - Introduction to Electromagnetic Theory” is meant
to provide a thorough grounding in applied physics on the topics covered. This part of the physics book will
prepare engineering students to apply the knowledge of Electromagnetic Theory to tackle 21st century and
onward engineering challenges and address the related aroused questions. The subject matters are presented
in a constructive manner so that an Engineering degree prepares students to work in different sectors or in
national laboratories at the very forefront of technology.

We sincerely hope that the book will inspire the students to learn and discuss the ideas behind
basic principles of engineering physics and will surely contribute to the development of a solid
foundation of the subject. We would be thankful to all beneficial comments and suggestions which
will contribute to the improvement of the future editions of the book. It gives us immense pleasure
to place this book in the hands of the teachers and students. It was indeed a big pleasure to work
on different aspects covering in the book.

A. B. Bhattacharya, Atanu Nag
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Outcome Based Education

For the implementation of an outcome based education the first requirement is to develop an
outcome based curriculum and incorporate an outcome based assessment in the education
system. By going through outcome based assessments evaluators will be able to evaluate whether
the students have achieved the outlined standard, specific and measurable outcomes. With the
proper incorporation of outcome based education there will be a definite commitment to achieve
a minimum standard for all learners without giving up at any level. At the end of the programme
running with the aid of outcome based education, a students will be able to arrive at the following
outcomes:

PO-1:

PO-2:

PO-4:

PO-5:

PO-6:

PO-8:

PO-9:

Engineering knowledge: Apply the knowledge of mathematics, science, engineering
fundamentals, and an engineering specialization to the solution of complex engineering
problems.

Problem analysis: Identify, formulate, review research literature, and analyze complex
engineering problems reaching substantiated conclusions using first principles of
mathematics, natural sciences, and engineering sciences.

Design/development of solutions: Design solutions for complex engineering problems
and design system components or processes that meet the specified needs with appropriate
consideration for the public health and safety, and the cultural, societal, and environmental
considerations.

Conduct investigations of complex problems: Use research-based knowledge and
research methods including design of experiments, analysis and interpretation of data, and
synthesis of the information to provide valid conclusions.

Modern tool usage: Create, select, and apply appropriate techniques, resources, and
modern engineering and IT tools including prediction and modeling to complex
engineering activities with an understanding of the limitations.

The engineer and society: Apply reasoning informed by the contextual knowledge to
assess societal, health, safety, legal and cultural issues and the consequent responsibilities
relevant to the professional engineering practice.

Environment and sustainability: Understand the impact of the professional engineering
solutions in societal and environmental contexts, and demonstrate the knowledge of, and
need for sustainable development.

Ethics: Apply ethical principles and commit to professional ethics and responsibilities and
norms of the engineering practice.

Individual and team work: Function effectively as an individual, and as a member or
leader in diverse teams, and in multidisciplinary settings.

(ix)



PO-10:

PO-11:

PO-12:

Communication: Communicate effectively on complex engineering activities with the
engineering community and with society at large, such as, being able to comprehend and
write effective reports and design documentation, make effective presentations, and give
and receive clear instructions.

Project management and finance: Demonstrate knowledge and understanding of the
engineering and management principles and apply these to one’s own work, as a member
and leader in a team, to manage projects and in multidisciplinary environments.

Life-long learning: Recognize the need for, and have the preparation and ability to engage
in independent and life-long learning in the broadest context of technological change.

(x)



Course Outcomes

After completion of the course the students will be able to:

CO-1: Describe different physical concepts of static electromagnetic fields.

CO-2: Explain the principles of electrostatics and magnetostatics to describe boundary conditions

for electric fields and potentials.

CO-3: Discuss the concepts related to Faraday’s law of electromagnetic induction.

CO-4: Apply the Maxwell’s equations to solve problems relating to propagation of waves in
electromagnetic field theory.

CO-5: Analyze different properties of magnetic materials.
CO-6: Analyze the propagation of electromagnetic waves in different media.

Course
Outcomes

Expected Mapping with Programme Outcomes
(1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation)
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Abbreviations and Symbols

List of Abbreviations

General Terms

Abbreviations Full form Abbreviations Full form
AC Alternating Current emf electromotive force
BW Band Width Ge Germanium
CO Course Outcome LCR Inductor-Capacitor-Resistor
CRO Cathode Ray Oscilloscope mmf’ magnetomotive force
CRT Cathode Ray Tube PO Programme Outcome
DC Direct Current Q-factor Quality factor
EM electromagnetic Uuo Unit Outcome
Units Used
Abbreviations Full form Abbreviations Full form
A ampere nF nano farad
C coulomb Oe oersted
G gauss T tesla
GHz Gigahertz A% volt
Hz hertz W watt
kHz kilohertz Wb weber
mH milli henry pA micro ampere
nA nano ampere uC micro coulomb
nC nano coulomb uF microfarad
List of Symbols
Symbols Description Symbols Description
A Magnetic vector potential J Current density
B Magnetic induction Ju Displacement current density
C Capacitance of a capacitor K Co-efficient of coupling
D Electric displacement L Self-inductance
e Electronic charge M Mutual inductance
E Electric field intensity M, Saturation magnetization
Sres Resonant frequency P Poynting vector
g Gyromagnetic ratio Effective number of Bohr
H Magnetic intensity Deit magneton
Iy Displacement current r Reflection coefficient
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Symbols Description Symbols Description

Ry Hall coefficient &0 Permittivity of free space
S Reluctance &,k Relative permittivity

t Transmission coefficient A Linear charge density

Ty Neel temperature o Permeability of free space
U Electromagnetic energy density p Volume charge density
Vi Hall voltage o Surface charge density

V4 Impedance of a medium ) Electric flux

o Attenuation constant Om Magnetic scalar potential
) Phase constant 7 Wave function

y Propagation constant Wy, Larmor frequency

o Skin depth X Electromagnetic susceptibility

(xiii)
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Guidelines for Teachers

To implement Outcome Based Education (OBE) knowledge level and skill set of the students should be

enhanced. Teachers should take a major responsibility for the proper implementation of OBE. Some of the

responsibilities (not limited to) for the teachers in OBE system may be as follows:

Within reasonable constraint, they should manoeuvre time to the best advantage of all students.
They should assess the students only upon certain defined criterion without considering any other
potential ineligibility to discriminate them.

They should try to grow the learning abilities of the students to a certain level before they leave
the institute.

They should try to ensure that all the students are equipped with the quality knowledge as well as
competence after they finish their education.

They should always encourage the students to develop their ultimate performance capabilities.
They should facilitate and encourage group work and team work to consolidate newer approach.
They should follow Blooms taxonomy in every part of the assessment.

Bloom’s Taxonomy

Level Teacher should Student should be Possible Mode of
Check able to Assessment
Create Students ability to Design or Create Mini project
create
Evaluate Students ?blhty to Argue or Defend Assignment
Justify
Anal Students ability to Differentiate or Project/Lab
natyse distinguish Distinguish Methodology
Appl Students ability to Operate or Technical Presentation/
] PPy use information Demonstrate Demonstration
Students ability to . . . .
explain the ideas Explain or Classify Presentation/Seminar
Students ability to .
recall (or remember) Define or Recall Quiz

Guidelines for Students

Students should take equal responsibility for implementing the OBE. Some of the responsibilities (not

limited to) for the students in OBE system are as follows:

Students should be well aware of each UO before the start of a unit in each and every course.
Students should be well aware of each CO before the start of the course.

Students should be well aware of each PO before the start of the programme.

Students should think critically and reasonably with proper reflection and action.

Learning of the students should be connected and integrated with practical and real life
consequences.

Students should be well aware of their competency at every level of OBE.

(xvi)
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Electrostatics in Vacuum

UNIT SPECIFICS

This unit elaborately discusses the following topics:

Quantization and conservation of charge;

Coulomb’s law and its vector form,;

Superposition principle;

Gauss law in electrostatics, its integral and differential form;

Electrostatic field and its curl;

Electric field intensity and electrostatic potential,

Poisson’s and Laplace’s equations;

Application of Poisson’s and Laplace’s equations to Cartesian, Spherical and Cylindrical
coordinate systems to solve electrostatics problems.

The practical applications of the topics are discussed for generating further curiosity and
creativity as well as improving problem solving capacity.

Besides giving a large number of multiple choice questions as well as questions of short and
long answer types marked in two categories following lower and higher order of Bloom’s
taxonomy, assignments through a number of numerical problems, a list of references and
suggested readings are given in the unit so that one can go through them for practice. It is
important to note that for getting more information on various topics of interest some QR codes
have been provided in different sections which can be scanned for relevant supportive
knowledge.

After the related practical, based on the content, there is a “Know More” section. This section
has been judiciously designed so that the supplementary information provided in this part
becomes beneficial for the users of the book. This section mainly highlights the initial activity,
examples of some interesting facts, analogy, history of the development of the subject focusing
the salient observations and finding, timelines starting from the development of the concerned
topics up to the recent time, applications of the subject matter for our day-to-day real life or/and
industrial applications on variety of aspects, case study related to environmental, sustainability,
social and ethical issues whichever applicable, and finally inquisitiveness and curiosity topics of
the unit.
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RATIONALE

This fundamental unit on electrostatics helps students to get a primary idea about the quantization
and conservation of charge and introduces the concepts of electric field and potential and also has
given priority to derive the fundamental equations of electrostatics in vacuum. In addition to
some fundamental laws of electrostatics like Coulomb’s law, Gauss law as well as Poisson’s and
Laplace’s equations and their applications for solving various electrostatic problems, particularly
in Cartesian, Spherical and Cylindrical symmetric systems, practical portion demonstrates the
physical concepts and processes. A good number of examples of electrostatic phenomena are
there. The integrated concepts exercises for this unit may be considered most interesting when
applied to general situations involving more than a narrow set of physical principles. As for

example, the electric field exerts force on charges and so the relevance of dynamics comes.

PRE-REQUISITES

Mathematics: Co-ordinate Systems, Vector Calculus (Class XII)
Physics: Electrostatics (Class XII)

UNIT OUTCOMES

List of outcomes of this unit is as follows:

U1-O1: Describe quantization and conservation of charge

U1-0O2: Explain Coulomb’s law, its vector form and superposition principle

U1-O3: Explain Gauss law in electrostatics, its integral and differential form

U1-O4: Describe about electrostatic field and its curl, electric field intensity and electrostatic

potential

U1-O5: Explain Poisson’s and Laplace’s equations

U1-O6: Apply Laplace’s equations to Cartesian, Spherically and Cylindrically symmetric

systems to solve electrostatics problems

Unit-1 EXPECTED MAPPING WITH COURSE OUTCOMES

(71- Weak Correlation; 2- Medium correlation; 3- Strong Correlation)

Outcomes
CO-1 CO-2 CO-3 COo+4 CO-5 CO-6

u1-01 3 - 1 - - -
U1-02 3 1 - - - -
U1-03 3 2 - 2 - -
U1-04 3 2 1 - - 1
U1-05 2 2 - 1 - 1
U1-06 1 1 - - - -
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1.1 INTRODUCTION

Electric charge is the property responsible for electrostatic forces binding the atomic configuration.
There are two kinds of electric charges viz. the negative charge and the positive charge. The
fundamental negatively charged and positively charged particles are well known electrons and protons
respectively. While these charges of identical polarity are kept separated by the same distance, the
electrostatic force experienced by two electrons and by two protons is exactly the same and is
repulsive in nature. On the other hand, electric force between two dissimilar types of charges like an
electron and a proton placed at the same distance is attractive in nature. Charge present on a body can
be measured by comparing it with the charge of an electron. Magnitude of the charge of an electron
and a proton are same, having a value of 1.602 x 10" C. The only difference is that for an electron it
is negative while for a proton it is positive in nature.

1.2 QUANTIZATION OF CHARGES

A theoretical understanding of electric charge quantization is important if we wish to understand the
interactions of elementary particles. Of course, understanding elementary particle interactions is one
of the major goals of theoretical physics. It is not known for certain why electric charge is quantized.
But all possible charges available in nature can be represented by integral multiples of a unit of charge
e i.e., charge of an electron or a proton. Thus charge ¢ on a body can always be denoted by

q =ne (1.1)

where e = —1.602 x 10™"° C and n = any positive or negative integer. Eq. (1.1) illustrates the basic idea
of quantization of charges which can be stated as: ‘charge on a body must always be represented by an
integral multiple of e.’

1.3 CONSERVATION OF CHARGE

All atoms are always electrically neutral, which means that they carry the same amount of positive
and negative charge, so their net charge is zero. Because electrons are negative, some other part of the
atom must contain positive charge. As the fundamental positive and negative units of charge are
carried on protons and electrons, we would expect that the total charge cannot change in any system
that we define. During mutual interaction, if an object (or part of an object) gains charge, another
object (or part of it) must lose charge. In other words, charge cannot be created or destroyed i.e., total
charge of an isolated system is always conserved. If two bodies are rubbed against each other capable
of transferring charges between them, one will become negatively charged by gaining electrons while
the other becomes positively charged by losing those electrons.

1.4 COULOMB’S LAW

Coulomb (1736-1806) carried out his experiments to determine the nature of dependence of
electrostatic force on the distance between two charged particles as well on the magnitudes of charges
possessed by them. He demonstrated that the electrostatic force increases when the objects acquire
more charge and their distance is less and thereby proposed a law regarding the electrostatic force
which is known as the Coulomb’s law of electrostatics. It states that, two point charges separated by a
fixed distance always exert a force on each other. This force is directly proportional to the product of
the charges and inversely proportional to the square of their distance of separation.
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This force acts along the line joining the charges. The
nature of the force is repulsive for like charges and attractive
for unlike charges. Mathematically, if two point charges ¢,
and g, are separated by a distance r (Fig. 1.1), according to
Coulomb’s law the force exerted on ¢; due to the charge ¢,
will be,

=Nt (1.2)

Fig.1.1: Coulomb's law h 47r80r2

The constant ¢ is called permittivity of free space and in SI system it has the value 8.854 x 107"

C*N'm™. The value of

EXAMPLE 1.1

N
i
#5)
=
-
=
>
2

=1.

=9x10” Nm’C?in SI system. In CGS system,
s, 4rs,

Example 1.1 If two different point charges are kept separated by a distance d, the
force acting between them is F. Calculate the mutual distance if the effective force
between them is reduced to F/3.

Solution
If the charges are g, and ¢, then initially, F = &22
4re,d
W9 _ g2
4re,

Finally, let the mutual distance between the charges is x, when the effective force
between them is reduced to F/3. Thus,

9149
4reyx

=£:> 3Fd? = Fx* = x =/3d.

Example 1.2 Compare the effective electrostatic and gravitational forces acting
between the electron and proton in a hydrogen atom. (Given, m, = 9.1 x 10" kg,
m,=1.7x10" kgand G = 6.67x10 "' Nm’ kg’).
Solution
If the distance between electron and proton is 7, the electrostatic force acting
2 2

L 1 € g0

dre, P Ame, 7

between them will be, F,=

memp

2
7

and the gravitational force acting between them will be, F, e G

F, 9x10° ¢?

. =226x10%7
Fg G mem

which is the ratio between F, and F.
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Example 1.3 The mass of a thermocol ball is 9x10 kg and it is carrying a 5 pC
charge. Another similar type of ball is placed at a distance of 2 cm just at the top
of it. Calculate the charge of the second ball, so that the system is at equilibrium.

Solution

The two balls will be in equilibrium, when the electrostatic repulsion force
between the balls will be balanced by the weight force of the second ball.

.. At equilibrium 4% _ mg
4rs,r
Now, mg=9x10"x 9.8 N; r=2x 102 m; q,=5 x107°C and
dme, _Liiom
9 e
s 212 —
7 =9><10 ><98_>;(2><10 ) X10_9 =9.8X4X10_12 =7,84><12_12C E
5x107° x9 S
which gives the charge of the second ball, so that the said system will be in [
=

equilibrium.

Relative permittivity (Dielectric constant): Relative permittivity(gr ) can be defined as the ratio of

the force between two point charges placed at a particular distance in free space or vacuum to the
force between them in a specific medium, when separated by the equal amount of distance.

F,

Thus, g = e - %, 9% (1.3)
Frea Admeyr- Amer
&

or, & =— (1.4)
€

where ¢, is the free space permittivity and & is the permittivity in that specified medium.

1.4.1 Vector form of Coulomb’s Law

The more generalized approach is to use vector notation while deducing the Coulomb’s law by
considering the direction of the forces between the charge particles. For two like charges ¢; and ¢
separated by a distance r (Fig. 1.2), the force exerted on ¢; due to the charge g, may be obtained
vectorically as,

Fro =M% (1.5)
4reyr

where 7, is the unit vector from ¢, to g,. Similarly, the force on ¢, due to the charge ¢, is,

Fo =% (1.6)
4reyr

where 7, is the unit vector from g, to g;.
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~ rn—r2

As, M =———
=
r-n -
=—1z - =T
=
with r:‘;q —;2‘=‘;2 —;1‘
Fig.1.2: Vector illustration of Fiy =—Fo (1.7)

Coulomb's law o
From Eq. (1.7) it is clear that the force on charge 1 due to

charge 2 is always equal and opposite of the force on charge 2 due
to charge 1. Similarly, the force on i charge due to / charge can
be generalized as,

. . ~ q.9; ;:A'—Vi
7 1 494, ) 1 J(/ 3) (1.8)

= 2 rﬂ =
drmg, r 4rs,

rj—ri
In CGS system, the force on i charge due to j” charge will be

Pyl G (Fr—71)
1"2 -

(1.9)

Fig.1.3: Coulomb's law for ‘ _ ”Ar
distributed charges ry—ri

For n number of charges ¢i, ¢2, ¢3, -..... , ¢n located at their respective positions 7,7 ,....., 7,

(Fig. 1.3), the force experienced by the charge ¢ located at r due to the rest of the charges will be
given by,

IR Ul Gt (1.10)

F= 3
4re, = ‘V—V[‘

1.5 SUPERPOSITION PRINCIPLE

If we have a number of point charges in a force field, to
determine the force on a particular charge due to the
remaining charges we can apply principle of
superposition of charges. According to this principle, the
force Fson a point charge ¢; (Fig. 1.4) due to the point
charges ¢g; and ¢, can be determined by the vector
addition of the forces F5 and Fs acting on ¢ due to ¢, )
and g, respectively i.e.,

Fi:=F;

Fig.1.4: lllustrating superposition theorem
F 3

1+

I | q195 ~ 995 ~
123 o+ 223 .,

471'80 7'31 7
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In general, for a system of 1 charges, the force on j” charge due to the remaining charges is

Fy=—2 % 4 o (1.11)
472'6‘0 -1 rij
i#j
Example 1.4 4 charges Q, q, Q and q are placed at the corners of a square ABCD.
If the net force at C is zero, then find a relationship between the charges Q and q.
Solution
In figure, all the forces acting on the charge Q at C is depicted. For the net force
acting on it to be zero we must have, Fi+F>+F3=0
or, F, cos45% — F, sin45°]— F, j+ F,i=0
or, (F, c0s45° + F} )i+ (—F, sin45° — F,)j=0
Ficos45°+ F; =0= F cos45°=-F;
and F,sin45°+ F, =0 = F, sin45°=-F,
2 e] B
Now, Fi=kQ—2and F3=kQ—2q A q
2a a
2 G =

Thus, Lo i

2¢° 2 a &

Q

or, 0= —2\/§q qu c 7 é
which is the required relationship. 200 =

1.6 CHARGE DENSITIES

As per the charge quantization, charges must exist in a body as multiples of electronic charge (e).
However, as the electronic charge is very small, any microscopic charge distribution contains a large
number of such electronic charges. So, a charge in a body can be considered to be distributed in terms
of a charge density function.

In many cases, charged particles (e.g., electrons, protons, positive ions) are unevenly distributed
throughout some volume. In this case, we can define a volume charge density. Another possibility is
that charge is unevenly distributed across some surface. In this case, we can define a surface charge
density. There may also be a case where charge is unevenly distributed over some linear segment of
length of a conductor. In this case, we can consider it as a linear charge density.

If Ag be the charge distributed in the conductor volume element AV, the volume charge density
. . Agq
11b = = 1.12
Wil be, P A1;r£0 AV (1.12)
On the other hand, if Ag be the charge distributed on a conductor surface element AS, the
surface charge density will be,

o= lim 24 (1.13)
AS—0 AS
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Again, if Ag be the charge distributed in a linear segment of length A/ of the conductor, the linear

charge density will be,
A= lim 24 (1.14)
Al—>0 Al

In general, the force on a point charge ¢ located at position r due to a volume distribution of

charge with density p(;o), a surface distribution of charge with density O'(;O) and a linear

distribution of charge with density /1(170) is given by,

- _ q r—ro r—ro r—ro
F= fﬁPdVo +fﬁ0d50 +fﬁ
(R

Adl, (1.15)

ro being the space coordinate where the charges are assumed to be distributed for which the force in
Eq. (1.15) is calculated.

1.7 ELECTRIC FIELD AND FIELD INTENSITY

In the region surrounding a test charge its electrostatic force can be experienced when another charge
is brought close to the test charge. This region is known as the electric field of the said test charge.
Magnitude of the electric field depends on the material media in which the field is to be calculated.
The electric field is measured in N/C or V/m in SI units.

Electric field intensity at a point gives the strength of the electric field at that particular point. The
electric field intensity at any particular point can be obtained by the limiting ratio of the force on a test
charge situated at that point to the test charge when it approaches zero.

If F is the force on a test charge ¢ placed at the point r with respect
to some origin O the electric field intensity at a position r will be,

E(r):limﬁ (1.16)
q—0 q /
The electric field intensity £ at a point of observation + (Fig. 1.5) due

to some point charge ¢ located at " where the source point is situated
can be given by generalizing Eq. (1.16) as:

E-_4 "—r (1.17) Fig. 1.5: Electric field
4re, ‘* ﬁr intensity at a point

r—r
If there are n point charges g1, 2, ¢3, -...., ¢n located at E, E, E, ..... R a respectively with a volume
distribution of charge with density p (a) in a volume ¥, a surface distribution of charge with density

o (a) on a surface S and a linear distribution of charge with density /I(a) along a linear segment /,

the force exerted on a test charge ¢ located at r can be obtained as,
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iqi ;_;"‘34 T pd, +jf_—f°3c;dso+jr_—f°rﬂdlo (1.18)

i=1 ‘r —7i

F:

q
47 V‘V—VO‘ S‘V—VO‘ 1|\r—=ro

and thus the electric field at 7 will be obtained from Eq. (1.16) as

- 1 < r—ri r—ro r—ro r—ro
B L S L [T g [ s, 4 [0
ansy | S ‘V—Vi‘ V‘V—I"O‘ S‘V—VO i ‘r—ro

Adl, | (1.19)

Example 1.5 Two charges +3 puC and —5 pC are placed along the X-axis at x = 0
cm and x = 40 cm. Calculate, at which point the field intensity due to the system
will be zero?

Solution

Let, at point P the field intensity is zero i.e., the force on a unit positive charge
placed at P is zero. Let OP = x.

+1pC +3uC -5uC
L 4 L
3 — 5 5 o y
(OP)? (AP)? x=0cm x=40cm
or, %z > 2:>40+x=\ﬁ=1.29
x> (40 +x) x 3
or, 40+x=129x
or, x=13791 cm.

So, at a distance of 137.91 cm from the point O, the field intensity due to the
system will be zero.

EXAMPLE 1.5

Example 1.6 Two charges 5x10 "' C and —2.7x10"" C are kept separated by a
distance of 20 cm. Along the line joining them, at what point a third charge can be
placed so that no net force will be acting on it due to the previous charges.

Solution

Let, the charges 5x10°"" C and —2.7x10"'"" C are situated at points A and B
respectively. Consider the third charge is to be placed at a distance x, from B.

Now, the force on this charge g due to the charge at A is,

7 1 5gx107"

1= o
4rey (0.2 + x)*

°
i
#5)
=
o
=
>
2

A
N
q

N-n.m
ol B

and it acts along AB. 20 em
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EXAMPLE 1.6

EXAMPLE 1.7

@
i
#5)
=
-
=
>
2

and the force on charge ¢ due to the charge at B is,

1 27gx107"
3 along AB.

Fy= :
4me, X
According to the problem, F; = F»

1 |5¢x107"  2.7gx107"

=0
or,
4me, | (0.2 + x)° x°
or, 5x2=2.7(0.2 +x)°
x=55.6 cm.

Example 1.7 Two point charges +1 nC and -1 pC, are placed at the two corners of
the base of an equilateral triangle of sides 0.7 m. Calculate the electric field
intensity at the third corner of the triangle due to them.

Solution

Let, the point charges +1 uC and -1 pC are placed at B and C.
If E be the resultant intensity at A due to them, then

E2=E,2 +Ey2 + 2E,E, c0s120° = 2E,2 - E;2 = E2

[lc
Here E =E, = q;
a

9, 107 3SNCTL +1uC - +1uC

E=9x10" x )2:18.37x10 NC™. *Teg a gt

Example 1.8 Four charges Q; = +2 pC, Q, =+2 puC, Q3 =+5 puC and Q4 =5 pC
are placed at four corners of a square (as shown in the Fig). If the length of the
diagonal is 2 m, calculate the field intensity at their intersecting point.

Solution

Let, O be the intersecting point of the diagonals. Now, the electric field 1nten51ty

at O due to the point charge at A is, G 03
B, = 910" x—2 = 0x 10" x 2 LZAUASRTIT IV I P N
(OA) 1? 8
the field intensity at O due to the point charge at B is E,
E, =9x10° 2"106 _18x10°NC A Q,°
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the field intensity at O due to the point charge at C is,
5x10°

E; =9%10° x 2 =45x10°NC™

and the field intensity at O due to the point charge at D is,
6

E, =9x10” x 5><1;20 =45x10°NC™,

So, the net intensity along OA is E' = E3— E; = (45 =18) x 103 = 2.3x10* NC~!.
and the net intensity along OD is E” = E, + E4 = (45 —-18) x 103= 6.3 x10* NCL.

Hence the resultant intensity at O is, E =+/(E")* + (E")’

E=10"(2.3)> +(6.3)> =6.71x10*NC™".

@
i
#5)
=
a
=
>
2

Example 1.9 Calculate the electric field intensity at x = 0, due to infinite charge
distribution of equal charges g atx =1, x=2,x=4,x=8§, ....... along the X-axis.

Solution

The electric field intensity at x = 0, due to infinite charge distribution of same
amount of charge ¢ at respective positions x =1, x =2, x=4,x=8§, ....... along the
X-axis will be,

E= ! l+i+i+i}: 9 [i+i+i+i+...}

:L{1+1+L+L+ ..... }: q 1 = 1 4—qu;nits.
4re, 4 16 64 4re, 1_1 4me, 3
4

EXAMPLE 1.9

Example 1.10 A drop of water having the same charge as that of an electron is
hanging at equilibrium due to the Earth’s electric field of 3 V/m. If electronic
charge is e = 4.805x10 ' esu, calculate the radius of the water drop.

Solution

At equilibrium, mg=eE = %nﬁ xIxg=eE  (density of water = 1 gm/cc)

3_3eE _ 3% 4.805x107'° 3
4rg  4x3.14x980  300x100

or,

r=0.1054 cm.

=
=
i
#5)
=
o
=
>
2

which is the required radius of the water drop.
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1.8 CONSERVATION OF ELECTROSTATIC FIELD

The curl of a vector field at a point measures the tendency for the vector field to swirl around that
point. When it is zero definitely the force field can be regarded as a conservative force field. In this
section we will try to calculate the curl of electrostatic field intensity and interpret whether it is a
conservative field or not. To do that we will start by considering a system of »n point charges g1, ¢, g3,

..... , ¢n located at E,E,E,.....,E in an electrostatic force field. The electric field at some position r
. —= 1 & r—v
where a test charge ¢ is placed can be calculated as, E(r)= Z q; 5
0 i=1 ‘r - ri‘
Now, using the vector identity
VxyAd=Vyx Ad+yV x4
T T B
we get, V x =V x(r—ri)+ Vx(r—ri)

- -3 - =3 - =3
T T

The second term in above expression is zero, since V x (r —7ri ) =0

3(r-ri)

and also from vector calculus we have, V =—

-3 - =5
V—Vi‘ ‘V—Vi‘
S 3(r -7 .
i G
VxErF)=0

As the curl of the electric field is zero so we can conclude that the electric field is conservative.
Also, as in a conservative force field the work done is independent of the path traversed, hence in an
electric field work done by the field in moving a charge, from one point to the other, depends only on
the position of those two points but is independent of the path along which the charge is moved.

Example 1.11 Check whether the field E= axy2 ( y% + x}') is conservative or not.

Solution
We have, E= axy2 ( y% + x}')
i k
Now, VxE= i i i = (2axy2 = ?)axy2 )l:' = —axyzl:'
ox oy oz

axy3 ax* y2 0

EXAMPLE 1.11

So, the given field is not conservative.
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1.9 ELECTRIC FLUX

Electric flux can be defined as the total number of electric lines of forces
passing normally through a surface placed in an electric field. Flux leaving a
closed surface is positive, whereas flux entering a closed surface is negative.
The net flux through the surface is zero if the number of lines that enter the
surface is equal to the number that leaves the surface. The electric flux of an

electric field E, over an elementary surface area ¢S (Fig. 1.6) can be
expressed as,

dp=EdS (1.20)
. Fig.1.6: Electric flux for
and, the total flux, ¢ through the total surface S can be obtained as, an electric field
(pzjd(p =§{>E.d§ =<ﬁEdScos9 (121)
s s

where 6 is the angle between E and dS .

For any linear isotropic medium; the flux density or the electric displacement in terms of electric
field intensity is given by:

D=¢E [where ¢ is the permittivity of the medium] (1.22)
and the electric flux ¢ for such a type of medium may be re-defined as
(p:cﬁﬁdﬁ (1.23)
s

Example 1.12 In a region of space, the electric field is given by E=8+ 4}' + 5k .
Find the electric flux through any surface of area 100 unit in the Y-Z plane.

Solution
Electric flux,  ¢= gSEdE
5 >
—
Here, E=8 +4)+5k and 45 =100} =
- S
So, p=(8+4] +5%).100 =800 units S

1.10 GAUSS LAW

Gauss’s law is an alternative to Coulomb’s law. While completely equivalent to Coulomb’s law,
Gauss’s law provides a different way to express the relationship between electric charge and electric
field. It was formulated by Carl Friedrich Gauss (1777-1855), one of the greatest mathematicians of
all time. It states that the total electric flux ¢ i.e. the surface integral of the normal component of
electric field intensity over a closed surface is equal to 1/ ¢, times the total enclosed electric charge

by the surface.
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Mathematically it may be stated as,

go:gSE.dE -4 (1.24)

where g, is the free space permittivity.
Proof: Let, +¢ point charge is placed at O and is enclosed by the surface S

as shown in Fig. 1.7. Let, dS be an elementary area surrounding P. Let, E
be the electric field intensity at P due to charge +¢ at O along the direction
OP and its magnitude can be obtained as,

Fig.1.7: lllustration of E= 9
Gauss’s law drgyr

If 0 be the angle between the vectors E and dS then

(ozgsz“.dgzq.)EdScosﬁz 9 dSCOSH Ida)
4rs, 47r50
s s
where Id 1) :4) M is the total solid angle about O subtended by S and is equal to 4 7.
}"
s
So, p=-"9 47=-4 (1.25)
4re, &

This is Gauss’s theorem.

1.10.1 Gaussian Surface

The imaginary surface, in an electrostatic field where there is uniform magnitude of electric field
intensity at every point on the surface and is always normal to it, is termed as the Gaussian surface.

1.10.2 Gauss’s Law in Dielectric Medium

It states that the total amount of electric flux ¢ through any closed surface of a dielectric medium is
1/ ¢, times to the total charge g enclosed by it.

Thus, Q= q.D EdS ="
o

or, ¢ DdS =q :
SCAN ME
S
for more on
Gauss’s law

where, D = & E is known as the electric displacement vector or the flux density.

1.10.3 Differential form of Gauss’s Law

If a charge g is distributed over a volume V enclosed by a surface S and if p be the volume density of
charge over a small elemental volume dV within it, then

q=jpdV



Electrostatics in Vacuum | 15

Again from Gauss’s law in electrostatics we have,

$Eas =L
s €o
Using Gauss’s theorem the above equation may be written as,
W.E“dV A
4 € by

Now equating the integrands on both sides of the above equation for any arbitrary volume element
dV we have,

VE=L (1.26)
2
This is the differential form of Gauss’s law. It states that the divergence of the electric field
intensity at any point is equal to 1/ g, times the charge density at that point.

In terms of electric displacement vector D= & E Eq. (1.26) may be written as,

V.(go E) =p
or, VD=p (1.27)

This is differential form of Gauss’s law for any dielectric medium.

— 1 ~ ~ ~
Example 1.13 If the electric field is given by £ =—(xi +yj— 2Zk) then find
o

the charge density.

Solution

We have, VE= Vel
& ™
—
—— 1 25
Here, VE=—({1+1-2)=0 >
& é
So, p = 0, which is the required charge density. =

1.11 APPLICATION OF GAUSS’S LAW

Gauss’s law is valid for any distribution of charges and for any closed surface. The law can be used in
two ways. If we know the charge distribution, and if it has enough symmetry to let us evaluate the
integral in Gauss’s law, we can find the field. Or if we know the field, we can use Gauss’s law to find
the charge distribution, such as charges on conducting surfaces. Gauss law can be applied to calculate
the electric flux and hence the electric field intensity due to a uniform distribution of charge over a
surface. In this section we present examples of both kinds of applications.

As you study them, watch for the role played by the symmetry properties of each system. We will
use Gauss’s law to calculate the electric fields caused by several simple charge distributions.
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1.11.1 Electric Field for a Charged Cylinder

Let us consider a uniformity charged cylinder of radius a. It can be treated as an infinite line charge

distribution. Let 4 be the charge per unit length of the cylinder. To calculate the electric field for such

distribution Gauss law can be applied. To calculate the field intensity at a distance » from the axis of

the cylinder, let us draw a coaxial Gaussian cylindrical surface with length L and radius » (Fig. 1.8).
The magnitude of the field is the same and is outward at all points

on the Gaussian surface. The total enclosed charge in it will be, g = AL.

Now, from Gauss law we have the electric flux

o=§EdS = £ds = Efds = E2mrL
S S S

2a
—

or, 4 _ E2nrL
)
q AL
or, = =
: 2regrL  2meyrL
|
Fig.1.8: Gaussian field or E= [for 7 > a] (1.28)

around a charged cylinder B 2rgyr

Now to calculate the field intensity at any point inside the cylinder:
i) If all the charges lie on the surface of the cylinder i.e. if the cylinder is hollow, then the charge
inside the cylinder is zero and the electric flux,
o= jE.dS = E2nrL=0
E=0 (1.29)

ii) If the charge is distributed uniformly throughout the cylinder then the enclosed charge within the
inner cylinder with radius » < a, will be

q'=—q2 ar?
za
. ALF?
or, q'=—
a

So, using Gauss’s law, the flux over the inner cylindrical surface will be,

!

q for more
E2rxrl =— exploration of
‘90 Gauss’s law
—
!
__ 4
2meyrL
Ar
or, E= > [for r < a] (1.30)
2reya

Variations of electric field £ with distance » for both hollow and solid cylinder are shown
respectively in Fig. 1.9 (a) and Fig. 1.9 (b).
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r=a

(b)

[l

Fig.1.9: Variation of E with r around a charged (a) hollow and (b) solid cylinder

1.11.2 Electric Field Due to a Charged Solid Sphere

Consider that ¢ amount of charge is distributed over
a uniformly charged solid sphere of radius a. Now
electric field can be calculated for the cases below:

a) At a point inside the surface (» < a): Here all the
charge ¢ is uniformly distributed throughout the
volume of the sphere [Fig. 1.10 (a)] and the amount
enclosed charge by the Gaussian sphere of radius r

' q
q = =
4 3
i 3 a
3
Using Gauss’s law the field intensity inside the

sphere is,

is,

!

EAxr? -4
€o
g4 gr’ g _pr

- 2 23 3
Aregrs  Amegria’  Angga’ 3§,

or,

Eo P

f <
32, [for r < a]

(a) (b)

Fig.1.10: Gaussian surface (a) inside and
(b) outside of a charged solid sphere

[where p=gq/ %mf ]

(1.31)

b) At a point outside the sphere (r > a): We draw a Gaussian

surface of radius » > a [Fig. 1.10 (b)] so that the flux of the field '

over the surface is,
¢=jﬁ.d§=jE.dS=Ede
S S S

or, Q= EAzxr?
or, 4 _ EAmr?
€
or, E=—1 [for r > a]

2
dreyr

r=a [ —

Fig.1.11: Variation of E with r
for a charged solid sphere

(1.32)
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From Eq. (1.31) and Eq. (1.32) it is clear that Eoc7 when» < a and E «c1/r* when r > a. The
variation of electric field £ with r for the charge distribution is shown in Fig. 1.11.

Example 1.14 For a spherically symmetric charge distribution as given by

3
p(r)=p, (1—%Jfor0<r<a
a

and p(r)=0 forr>a
Calculate the i) total charge, ii) electric field intensity £ for 7 <a and r > a.

Solution

a 3
i) Total charge will be Q= I pdV = p, I I I [l——Jr sin 8d 0d pdr

=0 6=0 p=0 a

303
a a 27py 3
=4mp)| ——— |=—a
A 0( 306 J 3
ii) As per Gauss’s law we can write
$Eas =2
S €o
2
ForO0<r<a, Ex4zr* = o a’
3&,
w | or, E=2L Oa
e 680r
=
E Atr=a, E =24
=" Forr>a, E =0.
Example 1.15 Calculate the total charge for a spherically symmetric charge
2
distribution given by p(r) = p, (1 - r_zj .
a
Solution
n @ & 2
% Total charge will be, 0= I pdV = p, I I I [l ——Jr sin 8d 0d pdr
A =0 =0 =0 4
E 3 3 8
a a Py 3
=4moy| ——— |=——a
> a 0( 3005 ] 15
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1.11.3 Electric Field Due to an Infinite Charged Sheet

For an infinitely extended sheet of charge, density of charge is due to the charges situated on the
surface of the sheet. Now, to find the electric field at P (Fig. 1.12), consider the point Q which is at an
equal distance from O i.e. OP = OQ. The symmetry of the problem suggests that the Gaussian surface
will be cylindrical and carries the points P and Q at its opposite bases. Since the normal to the curved
surface is perpendicular to the electric field, flux through the curved surface must be zero.

Thus, the total flux

@=2EAS =2E.AS [As E||AS ] _
Gaussian Outer surface of
where ASis the area of each bases. Thus using Gauss’s law we R e et
AS
have, 2EAS =L =2
€ €

where o is the surface charge density.

E=2 (1.33) (a)
2¢,
Fig.1.12: Infinitely
In vector form, FE = 2. [ nbeing a unit vector] (1.33) (b) charged sheet
€y

Example 1.16 Derive an expression for the electric field between two infinitely
extended parallel plate capacitors carrying charge with density . Assume the
mutual separation between the plates is d.

Solution

Let us consider two infinitely extended plane parallel sheets as shown in Fig. Let
us first consider a point P lying anywhere in the region between the two plates
with charge densities +oand -o:

We draw a normal cylinder of cross sectional area S through P having one of its
ends in the conducting plate. Then we have from Gauss’s law (as in the case in the
infinite plane sheet).

=g

IEd 5=t (&0 is the permittivity)
s

&o
oS
or, ES=—
€o
o
hence E=—
o

So, the field between the two plates is uniform and is independent of their distance
of separation. But any point lying outside the plate field will be zero as per the
Gauss law (no charge enclosed within).

EXAMPLE 1.16
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1.12 COULOMB’S LAW FROM GAUSS’S LAW

In electrostatics, Coulomb’s law and Gauss’s law are interrelated and one can be deduced from the
other. To arrive at Coulomb’s law from Gauss’s law let us consider two point charges ¢g; and ¢
separated by a distance » in an electrostatic region. To calculate the electric field intensity £ due to ¢,
let us draw a Gaussian sphere of radius » with g; at its center O (Fig. 1.13). Thus from Gauss’s
theorem the flux through the sphere is,

Taco_d
jSE.dS_g(l)

By symmetry electric field at any point on the surface of the sphere is along the outward normal at
that point and has the same magnitude at any point on the surface.

Thus, j j EdS = j j Eds=4L E
&
or, EA4nr? = Li8 4
&y
or, E- q,
4rgyr?

Thus the force experienced by the point charge ¢, due to the
electric field of charge ¢, will be,

44, Fig.1.13: Coulomb’s law

F=¢g,E= > » which is Coulomb’s law. from Gauss law

4rsyr

1.13 ELECTROSTATIC POTENTIAL

When a charged particle moves in an electric field, the field exerts a force that can do work on the
particle. The work can be expressed in terms of electric potential energy. Hence the electrostatic
potential at any point in an electrostatic field is related to the work done in carrying a unit positive
charge from some other point to that point against that electric field. In other word, electric potential
at any point in an electrostatic field can be defined as the amount of work done required to bring a unit
positive charge from infinity to that particular point against the field. Potential is a property of a point
in space and depends only on the source charges.

Now, if we wish to move a positive test charge (+¢) from one fixed point to another fixed point in

an electric field, the work done by this external agent in moving the charge ¢ by a distance dr
between the points will be given by,

dW =—qEdr

The negative sign is due to the fact that work is to be done on the system by the external agent. So, the
total work done to move the charge ¢ from some initial position i to a final position f in the electric
field will be,

A
W= —qj Edr
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Now, according to the definition of electric potential at a point, as it represents the amount of work
done required to bring a unit positive charge from infinity to that particular point against the electric
field, the electric potential at a distance » from a charge ¢ can be obtained by putting i = o and /= r as,

v=-[Edr : P
® r
jl q i Fig.1.14: Electric field intensity
=- r
o 4rgyr?
or, V= 47;19 r (1.34)
0

The SI unit of electrostatic potential is J/C or volts (V).

1.14 ELECTRIC POTENTIAL DIFFERENCE

When a coulomb of charge (or any given amount of charge) possesses a relatively large quantity of
potential energy at a given location, then that location is said to be a location of high electric potential.
Similarly, if a coulomb of charge (or any given amount of charge) possesses a relatively small
quantity of potential energy at a given location, then that location is said to be a location of low
electric potential. The potential difference between any two points (4 and B) in an electric field can be
defined as the amount of work done required to bring a unit positive charge from the point B to 4
against the field of the charge ¢ (Fig. 1.15).

So, potential difference between 4 and B is given by, q AP B s
W B B L O.—rﬂg.‘
VABz—zjde—jEdr r
q A A 's
g Fig.1.15: Potential difference
Vig =V Ve == | —Lar
< dngyr
A
1 1
S B (1.35)
Arey | vy 1y

The potential difference is also measured in J/C or V. Also, from the definition of potential
difference we can write

dV:a—de+a—de+a—de=—E.d7
0 0z

ox y
A0V A0V A0V (2 A AN o
(’§+ ]EMEJ.(de Jdy + kdz ) = ~E.dI

or, VV.dl=-Edl

or,
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From which we obtain,
E=-VV (1.36)
So, the electric field intensity at any point is the negative gradient of the potential at that point. The
negative sign indicates that E is directed from higher to lower potential. It may also be noted that:

i)  while moving a charge from one point to another point if the potential difference is found to be
positive, there will be a gain in potential energy due to that movement and external agent must
perform work against the electric field. On the other hand, if the potential difference will have a
negative value, work will be done by the field;

ii) the potential difference between two points in an electrostatic field depends only on the
positional coordinates of the points and so it may be regarded as a point function and

iii) the potential difference between two points is path independent.

Considering the path independence of potential difference we can assume, V5 = — V4, Over any
chosen closed path, i.e.,

Vs +V 15 :(ﬁﬁ.d;:o (1.37)

Applying Stoke’s theorem, we can write:

@E.d?:”%ﬁ.dﬁzo (1.38)
c S

From which it follows that for electrostatic field,
VxE=0 (1.39)
Again any vector field A that satisfies V x 4=0 is called an irrotational field. So, electrostatic

field is irrotational also.

1.15 ELECTRIC POTENTIAL CALCULATIONS

1.15.1 For a Point Charge

Let us consider two points 4 and B as shown in the Fig. 1.15. If now a charge ¢ is displaced from B to
A, then the expression for the potential difference between the points will be obtained as:

B g
- 11
VAB:—IE.dr:—I 1 —dr=""A|———|=v, -,
y 47z'gor 471'80 7, rp

T4

Usually the potential at infinity is assumed to be zero. So, the potential at any point due to a charge
will be the amount of work done to bring the charge from infinity to that point.

So, using r4 = r and r3= 0 in above equation we get,

__ 4
4ns,r
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This gives the potential at » due to a charge ¢ situated at some
chosen origin O. Alternatively, we can also define potential by
the following equation,

= —j Edr (1.40)

If now the point charge is not situated at the origin O (Fig.

1.16) but at some other point with position ", then the potential
at point P can be generalized as,

1 141 Fig.1.16: Potential due to a
(1.41) charge not at the origin

r= 47[50 ‘; -r ‘

1.15.2 For Distributed Charges
As of now, we have considered the potential due to point charges only Now if there is n point

charges g1, q2, g3, ... , ¢n located respectively at their positions 1"1,1"2,1”3 ..... ,7, , the potential at any

point at a position rcan then be written as:

-1 q q 4,
V(r)= e, ‘; —1;1‘ + ‘; _2;2‘ ot ‘;_;n
or, V(;)=47r80 ; :1"; ‘ (1.42)

For continuous charge distribution, replacing point charges g, by corresponding charge elements
Adl or odS or pdV depending on whether the distribution is a linear, a surface or a volume charge

distribution we get after replacing the summation by an integration:
For line charge,

- 1 Adl'
Vir)= I — (1.43)
472'80 ; r—rn
for surface charge, i E-Ie
odS' :
V()= - (1.44)
47, ‘!‘ r—rn =]
and for volume charge, for more on
~ 1 elecm:c
V(V) = I pdV (1 45) potential
472'80 ; r— rn —

In the above expressions, the primed coordinates represent the source coordinates linear charge

distribution /1(17) , surface charge distribution 0'(17) and volume charge distribution p(17) and the
unprimed coordinates corresponds to the field coordinates.
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1.16 RELATION BETWEEN FIELD INTENSITY AND POTENTIAL

To find a relationship between the electric field intensity and the electric potential at a point, let us
start with the expression for the electric field produced by a charge +¢q placed at some origin O at a
distance » from it. This is given by,

= q9 - qr
E(r)= r=
drggr? dmgyr”
— _ -1/2
Now, V(l)=V(x2 +y2 + 22)
r
(1) 20 (5 2. o\V2 A0 (5 5 a\V2 A0, 5 2
or, V(;)—za(x +y +Z) +]5(x +y +Z) +kg(x +y +Z)
;x+}y+/’c\z _ 1_;
32 3
(x2+y2+zz) r
E(r=—"="—r=-1 *(1}—6 I
dre,r 4rg, r 4ngyr
Thus, E=-VV

which is the same relation between electric field intensity and electric potential energy as obtained in
Eq. (1.36). The negative sign indicates that the direction of £ is along the direction of decreasing V.

Example 1.17 The electric potential for an electric field is given by
1

V(x,y,z)=(2x>+2y* +3z%) 2. Find the electric field intensity at (1, 1, — 1).

Solution
1

Here V(x,y,z)=2x*+2y* +32 )_5
So, the necessary electric field intensity will be
oV~ oV~ OV )

E=-vVy=—|Zi+Z 7+ %
o oy’ ez

1 ~ 1
or, F-42 (2x*+2y* +32%) 2 —ji (2x*+2)* +32%) 2
Ox Oy
5 0 2 2 2 -
—k—q(2x"+2y  +3z7) 2
0z

3 2 A A
=(2x*+2y* +32%) 2(2xi+2yj+32k)

EXAMPLE 1.17

3
So, the field at a point (1, 1, -1) is E‘(“_l) =7 2(2i+2j—3zk).
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Example 1.18 Calculate the electric potential at the centre of a square with 1 m
side, if ¢, 49, — 3¢ and 2¢ charges are placed at its corner (Given g = 1 nC).

Solution A B )
Each side of the square (@) is 1 m, as shown in the Fig. \ 9
a
= = = === = Q
Now, AO=BO=CD=DO \/E x (say) 3
i
Potential at the centre at O can be calculated as \ . E
¢ -3g
| g4 3 2 R :
vV 0
drey x  x X X =

Example 1.19 If in a region space electric field is always in the X-direction then
prove that (i) the potential is independent of Y and Z coordinates and (ii) if the
field is constant, there is no free charge in that region.

Solution

i) As per the given condition electric field is £ = Ei , where the symbols have their
usual meaning.

Again we can use E= —§¢ where ¢ is the potential.

So, gi-_j00 _500 ;0
Ox Ox Ox
Comparing co-efficient of unit vectors we have,
__p
Ox
and 6_¢7 = 6_(/7 =0
oy 0z

As there is no variation along y and z so we can say potential in independent of Y
and Z coordinates.

ii) If the electric field is constant i.e., E = constant

. .. . oRt’) OF
so on taking the derivative with respect to x we have —-=—-—=0
Ox ox
2 2
Also 6_¢ — 6_¢ =0
o' o2

So in totality we can write V2p =0 which is the Laplace’s equation and which

o
=
i
#5]
=
o
=
>
2

holds good in charge free region. So it can be stated that the region is charge free.
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1.17 ELECTROSTATIC POTENTIAL ENERGY

Any charge placed in an electric field will experience a force, as will any mass placed in a
gravitational field. Just as mass in a gravitational field has some potential energy, so does a charge in
an electric field. The electric potential energy of a system of point charges is the amount of work to
bring a unit positive test charge from infinity to any point in the field to form the said system. Initially,
let us consider a system of two charges ¢; and g, separated by a distance 7}, as shown in Fig. 1.17 (a).

Now, the amount of work done to bring the charge ¢, from infinity to its respective position to
form the system against the electric field produced by ¢, is given by,

iy

99 J'ﬁz 9%
dme, ¥ Amgyn,

W=—q, j Edr= (1.46)

This, work done will be stored in the two charge system in the form of electric potential energy U.

2 ___,.Inﬁnity

q, la3

q, la hs
1
1eq,

(a) (b)
Fig.1.17: Electric potential energy for (a) two charge system and (b) three charge system

Thus, u=_49_ (1.47) (a)
4reyhi,

Similarly, if a system of three charges is there with their position as shown in Fig. 1.17 (b), the
potential energy of the system will be,

s {Q1QQ+qu3+q2q3} (1.47) (b)
drey | 1y i3 I3

1.18 ELECTRIC DIPOLE

Two equal and opposite point charges are separated by a
distance small compared to the distance of observation
are said to constitute an electric dipole.
The moment of the dipole can be defined as the
product of the magnitude of any one of the charges and
the distance of separation between them. It is a vector
quantity and is always directed from the negative charge
to the positive charge. -q
Let, the charges are + ¢ and — ¢ and their distance of

separation is d.

*q

o
Qy

Fig.1.18: Electric dipole
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To calculate the potential at the point of observation, for simplicity let us take the origin at the

location of the charge — ¢ and also let the position of the point of observation P from the origin O is r
[Fig. 1.18]. Now, the potential at P due to the combination of the charges + ¢ and — ¢ (i.e., the dipole
as a whole) is,

q 1 1
P= — ——
Amey | \r* +d*> —2rd T

Now from Fig. 1.18 we have,

1 1
- Sg o222 e P
Nt +d? —2rd =l{1— 2rd +d—} =1{1— 2”1 =l{1+ﬂ}
2 2 % 2 2

r r r r r r

So, - LS, )4 rd_red 1D

drey | r v v | dmey, r Ame,rt Amegyr
where, ;9 = q;l
is the electric dipole moment and the electric potential for the dipole is given by,

¥ m
_ V-P3 —_ r (1.48)
Are,r 4re,

Thus, the electric field intensity will be

Fe Voo | TP |1 g[re
47, r? 4re, ”

s(rp) 1 o= (s 1
Now, V(’;—f}=r—3V(r.p)+(r_p)V(r—3)
rin, (R IE TR L o, )
=ip, +jp, +kp.=p
Also, 6(%):—%
r r
Therefore, E=- 47;50 L%% (;;) + (;;) v (%H
IR R Ot
472'80 r3 rs
o, o 1 E7,_3(;7.2;”);’ _ g 3_3(d.2r)r (1.49)
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1.19 POISSON’S AND LAPLACE’S EQUATIONS

The Gauss’s law as in Eq. (1.26) and the scalar potential equation given by Eq. (1.36) can be
combined into a set of partial differential equations for the scalar potential.

Poisson’s equation: Differential form of Gauss’s law is, VE =£, where p is the volume charge
2
density. Again the electric field is related to the potential as, E = —VV'.

V.(-Wr)= é

or, vy =-£ (1.50) (a)
€o
This is known as Poisson’s equation in electrostatics.

Laplace’s equation: For a charge free region the charge density, p = 0 and thus from Poisson’s

equation, vy =-£
€o

we have, ViV =0 (1.50) (b)
This is known as Laplace’s equation. From this equation integrating we have, V' = constant. So, we
can conclude that any equi-potential surface satisfies Laplace’s equation.

Example 1.20 Show that the potential function V =V, (x2 —2y* +7° ) satisfies

Laplace’s equation (/) is a constant).

- Solution
ﬁ Let the potential function is V' =V, (x2 -2 y2 +22 )
=
- 2 2 2
oV oV oV
S Nowwehave ——+——+——=V,(2-4+2)=0.
< ox~ oy oz
=

So, V satisfies Laplace’s equation.

Example 1.21 Show that the function V' = 2% +7 p= 27° represents the potential
function in charge-free region.
Solution

Given potential V=2x"+7y—-22

2 2 2
6V+6V 6V:4+0_4:O
o’ @ o

The expression satisfies Laplace’s equation which leads to the conclusion that the
charge density p = 0.

So, Vi =

A
N
i
#5]
=
-
=
>
2

Hence the region of space is charge free.
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Example 1.22 The electrostatic potential in free space is given by

¢7=a—ﬂ(x2 +y2)—7ln\/x2 +y” where a, f and y are constants. Find the

charge density in the region.

Solution
From the given expression of ¢ we have
R R
Ox \/xz+y2 \/x2+y2 X +y
2, .2
2 7l x"+y° —xx2x 2 _ 2
or, a_(f:_zﬂ_ [ 7 B }=—2ﬂ—y%
ox X" +y X +y
o R, X2 -y
Similarly, — =28
Y e B-v FER
2
Again, 6_20 =0
oz
2 2 2
So, af+af+af:—4ﬂ
Ox oy 0z
or, Vip=—4p

Now comparing the above expression with Poisson’s equation V2g1)=—£ we have,

P _4p
€o
or, p=4ps,

which is the required charged density for the said region.

1.19.1 Laplacian Operator

In Cartesian coordinate system (x, y, z) it can be written as,
o ot &
=
o’ oyt ot

In spherical polar coordinate (7, 6, @) it can be written as,
2
v? :ii r? ij+ ! i(sinl9ij+ Lo
P2 or\" or) r2sing 00 00)  r*sin @ o¢>
In cylindrical coordinate system (p, ¢, z) it can be written as,

, 10 0 1 8 &
Vis——lp_—|+—F—5+—
pop\" Op) p” op~ oz

VZ

N
N
i
#5]
=
a
=
>
2

(1.51)

(1.52)

(1.53)
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1.20 UNIQUENESS THEOREM

Statement: Two solutions of Laplace’s equation obeying the same boundary conditions differ at best
by a constant.

Proof: To prove the uniqueness theorem we assume that ¢ and ¢, are the two solutions of Laplace’s
equation in a volume V exterior to the surface S,,S,,....., S, of the different conductors and bounded

on the outside by a surface S. Let, ¢ and ¢, satisfy the same boundary conditions on the various
surfaces i.e., §,,5,,.....,S,.

These boundary conditions involve either the Dirichlet condition which is the specifications of the
potential ¢ on the bounding surfaces or the Neumann condition giving the specifications of the normal

o¢

derivative of ¢, i.e., . on the bounding surfaces.
n

Let P=¢ -9
and also let Vig=V’4 -V’ =0.
Since both ¢ and ¢, satisfy Laplace’s equation, if Dirichlet condition is satisfied, we have

@, = ¢, on the bounding surfaces. That is, ¢ = 0 on the bounding surfaces.

o4 _ 09,

If on the other hand, Neumann condition is satisfied n =a— on the bounding surfaces.
n n
Therefore ? or ;1§¢ must vanish on the boundaries, » being a unit vector along the normally
n

outward direction to the given surface.
Applying Gauss’s divergence theorem in vector analysis to the vector ¢V¢, we obtain,

j V.(4Vp)dV = j N ondS
14

S+S,+8,+....5,

As, ¢ = 0 on the boundaries (Neumann condition), the right hand side of the equation should
vanish.

We have the vector identity
VAV =V + [V
Also V¢ =0 in the region V.
So. V) =[]
Hence the equation gives,

j ‘%‘ZW =0

14
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2 _
, being a perfect square, is entirely positive or zero. But since its integral vanishes, V¢

Now v

must be zero at each point in V. Therefore, ¢ = ¢ — ¢, =c, where c is a constant i.e., the function ¢ at

each point in the region ¥ will the same value it has on the bounding surfaces.
From Dirichelt condition ¢ =0 on the bounding surfaces. Thus in this case ¢ =0, throughout V,

or, ¢ =¢, throughout V, clearly ¢ = 0.

For Neumann condition, §¢;1 =0 on the boundaries and §¢ =0 for all points in V. So, the only

possibility is that ¢ is a constant. This proves the uniqueness theorem.

1.21 LAPLACE’S EQUATION IN CARTESIAN COORDINATE

Laplace’s equation in Cartesian coordinate can be written as,

o’V v oW
+ +

Vi = (1.54)

ot ot oz
Let us assume that, M(x, ¥, 2) =X (x) Y (v) Z (2) (1.55)
where X (x), Y (y) and Z (z) are functions of x, y and z respectively. From Eq. (1.54) using Eq. (1.55)

0? Z(z)

2
we can write Y(»)Z(z ) (x)+Z( )X (x )a (y)+X( Y (») =0
y

Dividing throughout be (x) Y(¥) Z(2) we get
1 *X(x) L] *Y(y) L] 0*Z(z)
X(x) ox’ Y o Z(2) o

In the above equation, all terms are function of one coordinate variably only, hence we can write
them separately to be equal to zero and then rearranging we can write,

=0

2

0 X(x) + K2 X(x)=0 (1.56) (a)

azy(y)wc 2¥(y)=0 (1.56) (b)

2

0 Z(Z) +K2Z(z)=0 (1.56) ()
Z

where k., k, and k. are separation constants satisfying
ki +k; + k2 =0 (1.57)

All the 2™ order differential Egs. (1.56) have the same form.

Let us find out a possible solution for the Eq. (1.56) (a). Depending upon the value of k., we can
have different possible solutions.

if k_=0; X(x)=Ax+B (1.58)

if k, =k; X(x)= Asinkx + Beoskx = Ce™ + De™™ (1.59)
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andif k, =ik; X(x)=Asinhkx + Bcoshkx =Ce®™ + De™ (1.60)

where 4, B, C and D are constants and can be calculated from the boundary conditions. Similarly we
have the possible solutions for other two differential equations. The particular solutions for X (x), ¥ ()
or Z (z) to be used may be chosen based on the nature of the problems.

1.22 APPLICATION OF LAPLACE’S EQUATION

These equations are very essential for solving practical electrostatic problems with known values of
electrostatic potential at some boundaries. Using the boundary values, these equations help to find out
a possible solution for electrostatic field and potential throughout the volume. We shall consider such
applications in terms of the following boundary value problems:

1.22.1 Parallel Plate Capacitor

Let us imagine a parallel plate capacitor along the Z-axis with plates at z = 0 and z = d. Let, the upper
plate has the potential V; and the lower plate is grounded. Since the plates are along the Z-axis, so the
components of potential along X- and Y-axis are zero and hence from Laplace’s equation we have,
d’v
d
Integrating we get,
dav
o
Again integrating we get,

0

A
—d—f L

Fig.1.19: Parallel
V=Az+B (l.61) plate capacitor

where 4 and B are integrating constants.

Now atz =0, V= 0. Thus from Eq. (1.61) B=0
V =A4z
andatz=d V=",
: V, = Ad
for parallel
or A= E platcbtapacimr
’ d asics
v
Thus y=-12 (1.62)
d
- ~V
Further, F=V __h (1.63)
oz d
" .
Hence, ps =& E=¢ ’y (ps = surface charge density) (1.64)

So, the enclosed charge within an area « of the capacitor will be,
Voo

ez
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and the capacitance will be,

c-d_aa (1.65)
W d '
Special case: Region between the plates filled up with two dielectric layers

Consider that there is no variation of the field along X- or Y-axis E————

and there is no free charge at the interface (Fig. 1.20). Let us &

imagine that one electrode is grounded and the other is maintained

at a potential V. For the two regions, the solution for Laplace’s &

equation can be written as: *
Vi =4z+B forz<a (1.66) —

and V,=A4,z+ B, fora<z<d (1.67)  Fig.1.20: Parallel plate capacitor

with two dielectric layers
Now, applying the boundary conditions /> = 0 for z=0 and V,

=V, for z = d, we can write

V, = Ad + B,
And B, =0
So, V=4 (z-d)+V,
and V, =4z

As both the solution should give the same potential at z = a.
Thus, A (a-d)+V,=4a (1.68)

Also, at the dielectric boundary at z = a, the normal component of electric flux density vector is
constant.

Noting that D = —£VV, we can write

g4 =64, (1.69)
Solving Eq. (1.68) and Eq. (1.69) for 4, and 4,, we get
V V
4 =—08andA = 08 (1.70)
(a—d)+—la (a—d)—2+a
& &

Using the above expressions for 4; and 4,, we can find V; and V> as,

Vo(z—-d
V1=L+Vo (1.71)
(a—d)+ia

&
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Voz
and v, =—8 (1.72)
(a —a’)—2 +a
&

1.22.2 Spherical Capacitor

Let us consider, a spherical capacitor of inner radius a and outer radius b as shown in Fig. 1.21. Let
the inner sphere is at potential /, and the outer sphere is grounded. As the potential will be a function
of radial coordinates only using spherical polar coordinate and considering the symmetry of the
problem the from Laplace’s equation may be written as,

i(,ﬁ a_Vj =0
or or

Integrating we have, »* Z_V =4 ’
r

oV A
or, —=—
or
Again, integrating we get, v
0
y-_4.p (1.73)
r s
where 4 and B are two constants. NOW, atr=5bV=0 Fig.1.21: Spherical capacitor
0= _A4 +B=B= 4
b b
A A 1 1
So, V=——+—=A4|——— (1.74)
r b b r

Againatr=aqa, V=170,

v
VozA(l—lJ:Az 0
b a

Thus from Eq. (1.74) we have,
VO (1 lj: VOa (V—b) 04 (b_r) (1.75)

[
b a

-  ~ 0V Voab  ~
Futher,  E=-a,—=—""_3, (1.76)
or r (b - a)
gVyab .
Hence, Py = =——— (ps = surface charge density) (1.77)

r? (b—a)



_<€0V0ab27mr2 .
So, Q_(b—_a) ! ! =5 sindd0dp

_ArmeyVyab
" ()
and the capacitance will be,
Co Q _ 4ns,ab
o (b-a)
1.22.3 Cylindrical Capacitor

Consider a cylindrical capacitor of inner radius a and outer radius
b as shown in Fig. 1.22. Let, the inner cylinder be at potential ¥}
and the outer cylinder be grounded. Now since the cylinder has
radial symmetry thus from Laplace’s equation for cylindrical
coordinate system we may write,

li{ﬁKj_o
rdr\ or

or, ra—V:A
or

oV A
or, — ==

or r
or, V=Alnr+B

Now,atr=5 V=0

o 0=AInb+ B
or, B=-Alnb
or, V:Alnr—Alnb:Aln%

Againatr=a, V=1V,

v,
Vo=AlnL= 4=—L

lng
b
So, from Eq. (1.80) we have,
V V.
V=—0n£=—01n2 [as a<r<b]
a b r
In— In—
b a
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(1.78)

Fig.1.22: Cylindrical capacitor

(1.80)

for simulation
on cylindrical
capacitor

(1.81)
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Futher, E=_ - 7" (1.82)
or ro b
In—
a
Hence, p, =6E._,
- g_OV_Ob (ps = surface charge density) (1.83)
4 m=
a

So, for a length L of the coaxial conductor, the capacitance will be,

Q  2mal b = 2rgy L
Vo /N In b
a

C= (1.84)

1.23 FARADAY CAGE

In Faraday’s experiments on charge, magnetism and their mutual interaction, it was noted that charge
on a conductor resides on the outer surface only and nothing inside that conductor is affected by any
change in the outside region. Subsequently, field theory was developed on Faraday’s work and it was
accepted that an electronic field can be extended into space beyond a charge. There is a redistribution
of charge to the outside of a conductor due to the electrostatic repulsion of like charges. This results
zero net electrostatic field within the conductor that means any space which is enclosed by a
continuously conducting layer. Any electronic noise that exists outside the cage is completely
cancelled within that space. This mechanism can be used to justify disregarding electrostatic fields in
highly conductive electrolyte solutions. All the noise created inside the cage is also prevented from
escaping to the outside of the cage.

There are few points to consider. First one is that breaks in the cage causing gaps that allow for
penetration by outside electromagnetic fields. For a mesh the penetration of electromagnetic radiation
is limited to oscillations that have wavelengths less than two times the diameter of the opening. Hence
a 0.01 m opening would permit 0.02 m and shorter wavelengths that correspond to 150 GHz noise.
The second one is a long conductive material. Accessing the Faraday cage through a door or opening
can create the possibility for a break in the continuity. If one side is discontinuous then redistribution
of charge may not properly occur. Under those circumstances the cancelling effect will not exist and a
non-zero field will exist inside the cage. Low frequency work can be assisted by connecting wire to
discontinuous edges but it is insufficient for experiments operating in the higher frequencies. The final
thing is to consider the conductivity of the cage. When the size of the cage increases it can become a
larger concern. The more resistive the conducting layer is the slower charge redistributes, causing a
non-cancelling field.

Applications: Faraday cage always reduces noise, particularly power line noise with an AC power
grid. Some experiments deal with low currents and or high frequencies. Physical electrochemistry
falls into the latter category and when micro or nano-electrodes are involved, then both have important
roles. Corrosion may not require much precision and accuracy, but corrosion resistant alloys can lead
to measured currents in nA range, where a Faraday cage is required. If the cell current does not exceed
1 pA, a Faraday cage is crucial to be used.
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1.24 COFFEE RING EFFECT

A coffee ring is a pattern left by a puddle of particle-laden liquid after it evaporates. The phenomenon
is termed as the characteristic ring-like deposit along the perimeter of a spill of coffee. It is also found
after spilling red wine. The mechanism behind the formation of these rings is known as the coffee ring
effect or the coffee stain effect, or simply ring stain.

The coffee-ring pattern originates from capillary flow which is induced by differential evaporation
rates across the drop. Liquid evaporating from the edge is replenished by liquid from interior. The
resulting flow can carry nearly all the dispersed material to the edge.

With time, this process shows a rush-hour effect, causing a rapid acceleration of the edgeward
flow at the final stage when drying process is maintained. The stronger flow redistributes particles to
the center of the droplet. For particles to accumulate at the edges, the liquid must have a weak flow or
to disrupt the flow. Surfactants can be added to reduce the liquid’s surface tension gradient, disrupting
the induced flow. Water has a weak flow to begin with, which is then reduced largely by natural
surfactants. The coffee ring effect is used in convective deposition to order particles on a substrate
using capillary-driven assembly, replacing a stationary droplet. Convective deposition can control
particle orientation, afforded by the system to reach a state of maximum packing of the particles in the
thin meniscus layer over which evaporation occurs. It was shown that convective assembly could
control particle orientation in assembling multi-layers, resulting in long-range 3D colloidal crystals
from dumbbell shaped particles. Recent advances have increased the application of coffee-ring
assembly from colloidal particles to organized patterns of inorganic crystals.

1.25 METHOD OF IMAGES pand 2F, ‘*’

Solution of Laplace’s and Poisson’s equation can "'_ /; @ samdn s\ v \
be obtained in a number of ways. For a given set [ |
of boundary conditions, to find a solution of the '*. I Unique solution L__ |,
applicable Poisson’s equation or Laplace’s ) P s volume T £
equation, we have to first establish the fact that /-" 5 E _ __//'
the solution is a unique solution regardless of the il g
used method. Uniqueness theorem thus can be (@) (b)

stated as for a given set of boundary conditions Fig.1.23: Uniqueness theorem

the solution to the Poisson’s equation is unique.

Fig. 1.23 compares two different external charge distributions as specified by (a) p, ¢ and (b)
q.9',q", ..., but the boundary conditions of those systems are identical. Then, the potentials are same

inside the regions. The image charges must be external to the volume of interest.

1.25.1 Point Charge in Front of a Conducting Plane

Let a point charge g is placed near a conducting plane of infinite extent _»
as shown in Fig. 1.24. The boundary condition is that ¢ = 0 on the | %~ 7
surface of the conducting plane. Let the conducting plane coincide with A /%
the YZ-plane and the point charge line on the X-axis at x = a. Consider =
now a system of two point charges at a distance 2a apart (Fig. 1.24).

On
+
g1

Potential: The potential at (x, y, z) due to the two charges will be, S T
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o(x,y,z) = 9 9 Fig.1.24: Point charge in
dneyny  4meyr, front of a conducting plane
1 1
or, P(x,y,2) =2 (1.85)

4e, \/(x—a)2 +y* + 27 \/(x+ a)2 +y* +2°
satisfies not only (i) Poisson equation for x > 0 and (ii) the boundary at all points exterior to the
charges, but also the boundary condition of the original problem. Therefore, Eq. (1.85) is the correct
potential in the entire half-space exterior to the conducting plane (x > 0).

Induced surface charge: The surface charge density induced on the conductor is

o9
,2)=¢&) E, =—&) —
o(y,2)=¢& E | _, =% oxl_,
— q4
== T (1.86)
27z(a +y +z )
The total charge induced on the plane is
0= [[o(y2)dvdz
27
:_I I—qa 5 rdrdg
00 27r(a2 +r2)
I N (1.87)

Na® +r7 |, -

where y* +z° =7 . Hence, the charge ¢ is attracted toward the plane because of the negative induced
charge. The force acting on the charge will be

2
F=r?® (1.88)
4re, (2a)

1.25.2 Point Charge in Front of a
Grounded Conducting Sphere

P(r, 8, @)

Fig. 1.25 illustrates a point charge in the vicinity of a
grounded conducting sphere of radius a. It is
convenient to formulate the problem by means of
spherical coordinates, with the origin of coordinates at
the center of the sphere.

Fig.1.25: Point charge in front of a
grounded conducting sphere
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Let the charge ¢ is situated at z = d on the z-axis. The boundary condition, ¢ (» =a) =0 can be
satisfied by an image charge ¢’ inside the sphere (z = b).

Potential: The potential due to the charges ¢ and ¢’ is

o(r,0,p)=—1—+ 1
drnsyr,  Ansyr,

!

or, o(r,0,9) = 1 1 - q (1.89)
A7y | \i? +d? —2rd cos® Nt +b> —2rbcosf

Now, ¢(r =a,8,9) =0 for all 8 only if

\/a2 +5® —2abcos® ¢

5 5 =—— =constant

a” +d° —2ad cos 0 q

This is the case if
2
b =”‘7 (1.90)

a* +b* —2abcos® a
then 5 5 =—

a*+d° —2adcosf d

, a
and g =—-—q (1.91)

d
These Egs. (1.90) and (1.91) specify the location and magnitude of the image charge ¢'".

Induced surface charge: The surface charge density induced on the conductor will be,
Op

0(9’ @) = _80 E

___ 49 a d’
- 2 7 3/2 (1.92)
—u drra” d a4 a
2r 1+?—2Ecos9

The total charge induced on the plane is

0= ﬂ (0, )a* sin 0dO0d o

S L (1.93)
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The charge ¢ is attracted toward the sphere because of the negative induced charge. So, the force

of attraction on the charge is

AR | —
4re, (d - b)
2 2\
S S (1.94)
dng,d’ d?

UNIT SUMMARY
L

®  Quantization of charge

q = ne
e  Conservation of charge

Charge cannot be created or destroyed i.e., charge of an isolated system is conserved.
e Coulomb’s law

F = &22 [for 2 charges ¢, and g, separated by a distance ]
4reyr
e Superposition principle
- — — 1 - -
Fi=F3+Fn= Ell 6123 r31 + 92 6123 732 [for 3-charge system]
4ney | 1 5
e  Charge densities
A A A
= lim =L o= lim =L A= lim =2
AV—0 AV AS—0 AS Al—0 Al
o Electric field intensity
E _ q ; — ;;3
4re, ‘; _ }7‘

e Curl of Electrostatic field: Conservation of electric field
VxErF)=0
o Electric flux
Q= Id¢7 =(js EdS =¢ EdS cos 0
s s

e  Gauss’s law in Electrostatics

¢=?E.d§ =§
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Application of Gauss’s law

Electric field around a charged cylinder: £ =

2meyr
Electric field due to a charged solid sphere: £ = 3,)0_1" [forr<a]
€o
E= Lz [for r> a]
4reyr

Electric field due to a non-conducting infinite charged sheet: £ = =
%o

Coulomb’s law from Gauss’s law

[[Eas =2 o F=gp=2%
5 & dne,r
Electrostatic potential
V= 9 [for a charge g at a distance 7]
dngyr

Electric potential difference

s
q q 1 1
VAB:VA_VB:_I4 2dr=4 {___}
TEYF &y T4 T

Electrostatic potential calculations
1 A(Hal'

For line charge distribution, V(;) =—|-=—=
4'72.‘(30 / ‘r —Vn

-1 ro@ds’

For surface charge distribution, V()= I%
4'72.‘(30 / ‘r —7In

1 ¢ p(av'

For volume charge distribution, V(r)= —
7[‘90 / ‘r —Vn

Relationship between electric field intensity and electric potential
E=-V
Electrostatic potential energy

_ I |99 +‘I1‘I3 +‘I2‘I3
4re,

2 i3 I3

Electric Dipole




42 | Physics - Introduction to Electromagnetic Theory

R v P

41’ r drgyr’ r
e Poisson’s and Laplace’s equations

vy =-£ V2V =0
€o

e Uniqueness theorem

Two solutions of Laplace’s equation obeying the same boundary conditions
differ at best by constant.

e Solution of the Laplace’s equation in Cartesian coordinate system
ika =0; X(x)=Ax+ B

iff = k; X(x)=Asinkx+ Beoskx = Ce™ + De”™
if = ik; X(x)=Asinhkx+Bcoshkx =Ce"™ + De™

e Applications of Poisson’s and Laplace’s equations to Cartesian, Spherical and

Cylindrical systems
Vi
Solution of Laplace’s equation for a parallel plate capacitor: V' = jz
. , : ) ) Voa (b— V)
Solution of Laplace’s equation for a spherical capacitor: V' =—— (b )
r —a

Solution of Laplace’s equation for a cylindrical capacitor:

% ln2 [as a<r<bh]
r
In

V =
a
e Faraday Cage
Faraday Cage always reduces noise, particularly power line noise with an
AC power grid.
o Coffee ring effect
A coffee ring is a pattern left by a puddle of particle-laden liquid after it evaporates.
The phenomenon is termed as the characteristic ring-like deposit along the perimeter
of a spill of coffee. It is also found after spilling red wine. The mechanism behind the
formation of these rings is known as the coffee ring effect
e Method of images
Point charge in front of a conducting plane
2
F=e— 9
2
47, (2a)

Point charge in front of a grounded conducting sphere

g=-<
77
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0 2 2 \72
Feo 99 ___qa { _a_]
drsy (d-b)  Amgd’\  d°

EXERCISES

Multiple Choice Questions

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

If (r, 6, ¢) represents the spherical polar co-ordinate of a point in a region where the
electrostatic potential is given by V= k¢?, the charge density associated with that region will be

(a) a function of ¢ only (b) constant in the region
(c) a function of all the co-ordinate (r, 8, ¢)  (d) a function of (r, @) only

The electric flux through each of the faces of a cube of side 1 m if a charge g coulomb is placed
at its centre is

e 4 4
O (b) 42q © o @

The electric flux through the surface vector S equal to 6}' in a region of electric field 3i +}' is
(a) 10 Nm*C” (b) 6 Nm’C”! (c) 15 Nm*C” (d) none of these
In free space Poisson’s equation reduces to

(a) V2V = 0 by V2V =L () V2V =-L£ () V7 =0
€y €y

Electrostatic field may be obtained as the gradient of a scalar potential

(a) because it is conservative field (b) because it is always solenoidal

(c) when the field is linear in x, y and z (d) where there is no magnetic field

The torque acting on the polar molecules of a dipole when subjected to an electric field of
intensity E is given by,
(@) r=p,Etan @ (b) z = pyEsin & (¢) 7= pyEcos® (d) none of these

Two conducting spheres of radii » and 2r contain charges ¢ and 2q. If the electric fields just
outside the surface of these two spheres are £; and E, respectively, then

(a) E1:E2 (b) E1:2E2 (C) 2E1:E2 (d) E1:4E2
Torque (7) on an electric dipole having dipole moment (;9) in an electric field £ can be
expressed as

(a) r=—-pxE (b) r=—pE (c) 7=pxE (d) 7=pkE

The electric field between two oppositely charged plates with equal charge density o is
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1.10

1.12

1.13

1.14

1.15

1.16

1.17

1.18

1.19

20 o o
(@) 0 (b) — (c) — (d) -—

& & 2¢g,
In a certain region, if the electric field £ = 0, corresponding potential will be-

(a) zero (b) constant (c) function of position (d) infinity

The unit of j D.dS is
S

(@) C (b) F (W dV
The electrostatic potential energy of a system of two charges, ¢, and g, separate by a distance »
is

1 1 1 g’°q &
(a) 919> (b) 919> © 19 (d)_0%22
iy r

472«-80 }”2

2
Arey ¥ dre, r

Work done to displace a charge g from a point P, having potential V| to a point P, having
potential V5 is

(@) g (V1=V12) (b) g ("112) (¢) g N+ 12) (d) g (Vi/72)
If a proton of charge +q is accelerated through the potential J then the kinetic energy of it is

1 1
(a) 5gV” (b) gV ©qV G
Electric field in a region containing space charge can be obtained by using
(a) Laplace equation (b) Poisson’s equation
(c) Helmholtz equation (d) Coulomb’s law

Which of the following statements is not correct regarding electrostatic field vector E?

(a) @E.d r =0, where ¢ is a simple closed curve

c

b
(b) IE dr is independent of the path for given end points a and b

(c) E =V x 4 for some vector potential A4 (d) E =V for some scalar field
¢
Total electric flux (¢) of electric field (lT? ) over a surface S is
(a) E.dS (b) @E.dﬁ (c) E xd5S (d) (ﬁfxdﬁ
S S
The Poisson’s equation in a region of space with volume charge density p is
2
(a) VIV =2 b) ViV =-£ (©) V2V =0 @ v2r =2
€y €y o

The ratio of acceleration of an electron and a proton placed in a uniform electric field is,
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m,

(a) 0 (b) 1 © Z— @

e 2

If the electric field intensity at a distance of 0.25 m from a point charge g is 2NC-!, the value of
the point charge ¢ is

(a) 1.39x1073 uC (b) 1.39x10° uC (c) 13.9x1075 C (d) 1076 uC

The surface charge density of a charged metallic sphere placed in vacuum is . The SI unit of
electric field intensity at any point near it will be

(a) ot (b) % © > (d) &)’
0

To balance a liquid drop of mass 2x10~* kg and charge 9.8x10-2uC, the required field should
be

(a) 10*NC! (b) 2x104NC! (c) 4x10*NC! (d) 5x10* NC!

The ratio of the attractive forces between two point charges in vacuum and in a medium of
dielectric constant & is

(a)l:k (b)1:k (c) ¥ :1 (dk:1

The magnitude of the image charge for a point charge g placed at a distance d from the centre of
a grounded conducting sphere of radius a is
2
a

d ' a a
. b) ¢'=—— 0 ¢ =—L d¢'=-2%
(a) q L4 (b) g el (© q 71 (d) ¢ YK

Answers of Multiple Choice Questions

1.1 (d), 1.2 (c), 1.3 (b), 1.4 (c), 1.5 (a), 1.6 (b), 1.7 (b), 1.8 (c), 1.9 (¢), 1.10 (b), 1.11 (a), 1.12 (b),
1.13 (a), 1.14 (¢), 1.15 (b), 1.16 (c), 1.17 (b), 1.18 (b), 1.19 (d), 1.20 (a), 1.21 (c), 1.22 (b), 1.23 (d),
1.24 (d)

Short and Long Answer Type Questions

Category |

1.1
1.2

1.3

1.4

1.5
1.6

1.7

[lustrate Gauss's law of electrostatics using the concept of electric flux.

Verify whether the potential V(x, y) satisfy Laplace’s equation or not. Find also the charge
density associated with the given potential.

Arrive at Coulomb’s law by the appropriate use of Gauss’s law.

Investigate that the electric field E= yzi + zx j + xyk is solenoidal as well as conservative.

Try to obtain the differential form of Gauss law in electrostatics from its integral form.

Arrive at Laplace equation starting from Poisson’s equation for cylindrical and spherical co-
ordinate system.

Establish Poisson's equation from Gauss's law in electrostatics.
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1.8

1.9
1.10

1.12

1.13

1.14

1.15
1.16

1.17

1.18

1.19

Evaluate the electric field between infinitely extended parallel plate capacitor carrying charge
density o by applying Gauss' law . Assume the mutual separation between the plates is d.

Check whether the potential function x> —y* + z satisfies Laplace’s equation or not.

Starting from the initial condition properly emphasize on the usefulness of uniqueness theorem
in electrostatic problems.

Solve Laplace's equation to find the potential at a distance » from the axis of an infinitely long
conducting cylinder of radius @ charged with a surface charge density ¢. Take the potential of
the cylinder to be zero.

If in a region of space electric field is always in the X-direction then prove that

i) the potential is independent of y and z coordinates and ii) if the field is constant, there is no
free charge in that region.

Suppose that electric field in some region is found to be E = o> in spherical coordinates (o
is a constant). Find the corresponding charge density.

A very long cylindrical object carries charge distribution proportional to the distance from the
axis (7). If the cylinder is of radius a, then find the electric field both at » > a and r < a, by the
application of Gauss’ law in electrostatics.

Try to arrive at Poisson’s equation and Laplace’s equation from the fundamentals.

Physically describe the electric field intensity at a point. “Electric field intensity at a point10*
NC " what do you mean by this?

—r/A
qge

e

a) The potential in a medium is given by ¢(r) = . Obtain corresponding electric field.

b) Also obtain the charge density that may produce the potential mentioned above.

Evaluate the potential of a uniformly charged sphere of radius R having a constant charge
density p at a distance  (» > R) from the centre of the sphere.

A particle is acted upon by two constant forces i+4j—3k and 3i+ j—k, so that it is

displaced from the point i+ 3}' +3k to the point 4+ 5}' +k . Find the total work done.

Category Il

1.20
1.21
1.22
1.23

1.24
1.25

Would electric potential energy be meaningful if the electric field were not conservative?
Discuss how potential difference and electric field strength are related. Give an example.
What is the strength of the electric field in a region where the electric potential is constant?

If the voltage between two points is zero, can a test charge be moved between them with zero
net work being done?

Would Gauss’s law be helpful for determining the electric field of a dipole? Why?

Prove that the electric field outside the conductor is directed perpendicular to the surface.
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1.26 Two concentric spheres of radii a and b are kept at potentials V, and V,. If the intervening

space is vacuum, then write the appropriate differential that the electrostatic potential satisfies.
Solve this equation to find the potential at any point between the spheres and also calculate the
total charge outside the surface.

Numerical Problems

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8
1.9

If in a region of space the electric field is given by E=2i —}' +k , find the electric flux through
a surface area 40 unit in YZ plane. [Ans: 80 unit]

O charge is supplied to a conducting rod of length L. For uniform charge distribution calculate

0

4ney a(L+a)

the electric field intensity at a distance @ from one end of the rod. [Ans:

Find the potential at the centre of a square of side 1 m with charges 1nC, 4 nC, -3 nC, and -2 nC
at its corner

At each corners of an equilateral triangle of side @, a point charge ¢ is located. Find the
electrostatic energy of the system?

3 equal positive charges are placed at three corners of a square of side a. Determine the
magnitude and direction of electric field intensity at the 4"corner of the square.

A capacitor is made with two infinitely long cylindrical conductor of radii a and b (a > b), with
vacuum in the intervening space. If the internal cylinder is kept at ground and the outer cylinder
has a charge density o then solve Laplace equation to find the electrostatic potential in the space
between the cylinders.

— 1 ~ ~ ~
If the electric field is given by £ = —(xi +yj— 2zk) , then find the charge density.
2

Find the unit vectors perpendicular to 2x* + y*— 22> = 100 at the point (1, -2, 1).
The electrostatic potential in free space is givenby ¢ = a — S(x* + y?) — yIny/x* + )*

where «, § and y are constants. Find the charge density in the region.

1.10 A spherically symmetric charge distribution is given by,

2
po(r)=py (1 - r_zj for0<r<a, p,isaconstant
a
=0 forr>a

Calculate the 1) total charge, ii) the electric field intensity and potential V" both inside (» < a)
and outside (r > @) regimes.
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PRACTICAL

Determination of specific charge (e/m) of electron by J. J. Thomson’s method

Theory

The specific charge of any fundamental particle is a characteristic property. The specific charge of an
electron is defined as its charge per unit mass (e/m). The unit of e/m is C/Kg. In a Cathode Ray Tube
(CRT) the beam of electrons moving with velocity v is deflected by vertical electric field E.

Deflecting plate
+ d
8

Deflecting plate

N
Deflecting plate Glass tube — b
Screen
Fig. (i) Fig. (ii)
The deflection of the spot of light on the screen is given by,
i_L_lé[LJZE_e_El
D 1/2 2m\v) [l m?’
2
d

or, £=2 Q)

m DIE
If the effect the electric field can be cancelled by a magnetic field B then,

evB =eE

E ..

or, =— ii

v=— (i)
From equations (7) and (i7) we have,

e E*d _ Ed

m DIEB® DIB’
since, E = K

h

therefore, e__rd (iii)

m  hIDB?

where 4 is the distance between two horizontal plates, / is the extension of the electric field, V is the
applied voltage and D is the distance of the screen from the deflecting plates.

If 0 be the angular deflection of the magnetic needle when the bar magnets are properly placed to
set up the magnetic field B and the field of the bar magnets is perpendicular to the horizontal
component of the earth’s magnetic field H, then we have

B=Htan @ (v)
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From equations (iii) and (iv) we have,
e d V
A S S v
m  hID H” tan® 6 ®
Procedure
1. First keep the arms of the magnetometer perpendicular to the magnetic meridian.

2. Then keep the deflecting plates of the CRT horizontal. Under this condition deflection of the spot
on the screen due to application of the voltage will be vertical.

3. Positive and negative voltages are applied to the deflecting plates and mean deflection of the spot in
the screen corresponding to a definite voltage is then measured.

4. A bar magnet is placed on the arm of the magnetometer to nullify the deflection of the spot due to
electric field.

5. To calculate the strength of the applied magnetic field, the CRT is removed and the circular disc
containing the magnetic needle is placed at the position of the CRT (central region). The deflection of
the magnetic needle is calculated by using the bar magnet on the scale of the magnetometer.

Experimental Data
Given: H=0.37x 10™ T.

Table 1: Determination of deflection of the light spot and the magnetic needle for different positions of
the magnet

P“{ﬂg" of | Deflection of
Vertical magnets to the
No of Vertical t?‘eflectlton of balance "eedl‘i of ﬂ:e Mean e/m in
Obs. | Voltage e spot (cm) electric "‘39’(‘3:')“6 er | g(deg) | Clkg
field (cm) 9
Y1 Y2 X1 X2 04 0,

N | R |W|IN| =

Calculation and Result
Meane/m=....... C/kg.

Discussion

1. The axis of the magnetometer arms is to be kept perpendicular to the earth’s magnetic meridian
plane.

2. The voltage should be adjusted to a suitable value to get a large possible limiting value of d.
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3. To get accurate result the deflection of both ends of the needle is to be measured.

KNOW MORE

Charles Augustine de Coulomb proved his law (Coulomb’s Law) and this law became the fundamental
principles to establish electrostatics. The word electricity came from the Greek ‘elektron’ which means
amber. The ‘amber effect’ is called static electricity.

Activity
Watch “Spark: Shock and Awe — The story of Electricity”
and then write a summary of the topics discussed in the

episode. Also on the basis of the knowledge gathered design
an experiment on “Electrostatics and Batteries”.

Interesting facts

Otto von Guericke (1601-1674) invented an electrostatic generator. In it a Sulphur ball was rotated in a
wooden cradle and it was rubbed by hand. The ball so charged was transported at the end of an insulating
rod. Benjamin Franklin, starting from his famous kite experiment made major scientific contributions in
electrostatics.

Analogy

Due to triboelectric effect electrostatic charges are produced to build up on the surface of the fur when the
cat moves (Reference of the figure: Wikipedia).

History
Benjamin Franklin (1706-1790): He was a physical scientist. His 1740’s work on electricity changed
unrelated observations into the field of coherent science.

Charles Coulomb (1736-1806): He studies both electrostatic and magnetism. He investigated strengths of
materials. In this area he was able to identify forces acting on beams.
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Timelines

600 BC Greeks first identified attractive properties of amber when rubbed
1600 AD Electric bodies both repel and attract

1735 AD du Fay: Two distinct type of electricity

1750 AD Franklin: Positive and Negative charge

1770 AD Coulomb: “Inverse square law”

1890 AD J. J. Thompson: Quantization of electric charge — “Electron”

Applications (Real Life / Industrial)

Today in every sphere we are applying the discovery of electricity. The production of static electricity in
1705, in fact, resulted in a very fascinating journey. We started with scientists like Francis Hauksbee and
Benjamin Franklin and end with Thomas Edison and Nikola Tesla. One very important component that
emerged today is the capacitor that has wide applications in many areas of electronics and electrical
engineering. Electrostatic induction is the phenomenon used for electro-mechanic precipitation or
projection. In such technologies, charged particles of small sizes are deposited or collected intentionally on
surfaces. There are a lot of applications ranging from electrostatic coating to inkjet printing.

Case Study (Environmental / Sustainability / Social / Ethical Issues)

Some quotes

“And we daily in our experiments electrise bodies plus or minus, as we think proper. [These terms we may
use till your Philosophers give us better.] To electrise plus or minus, no more needs to be known than this,
that the parts of the Tube or Sphere, that are rubb’d, do, in the Instant of Friction, attract the Electrical Fire,
and therefore take it from the Thin rubbing; the same parts immediately, as the Friction upon them ceases,
are disposed to give the fire they have received, to any Body that has less”. —Benjamin Franklin

Inquisitiveness and Curiosity Topics

The title and abstract of an early paper with interesting finding is given below:

Reference: Letter 25 May 1747. Quoted in 1. Bernard Cohen, Franklin and Newton: An Enquiry into
Speculative Newtonian Experimental Science and Franklin’s Work in Electricity as an Example
Thereof (1956), 439.

“We call that fire of the black thunder-cloud “electricity,” and lecture learnedly about it, and grind the like
of it out of glass and silk: but what is it? What made it? Whence comes it? Whither goes it?”

— Thomas Carlyle
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From history of Electrical Engineering 11:
18-th Century Electrostatic Experiments and a
First Current Source Creation

Alexander G. Mikerov

1IEEE Senior Member
Control Department

St.Petersburg State Electrotechnical University “LETI”
5 Prof. Popov str., St. Petersburg, 197376, Russia

amikerov@ieee.org

Abstract — The paper covers the electrical science
development from the middle of the 18-th century to the
beginning of the 19-th century. It overviews main inventions
made by P. Mushenbroek (Leiden jar), B. Franklin
(lightning red), Ch. Coulomb (Coulomb’s bal ), A. Volta
(Volta’s cell, condenser, electrometer) and his followers. It
clarified the nature of electricity, created a new electrical
discipline — electr ic and also the sound background for
the following important discovery of 19-th century -
electromagnetism.

Index Terms — Electrostatics, Leiden jar, lightning rod,
Coulomb’s balance Volta’s cell, History of electrical
engineering.

Reference: The Carlyle Anthology (1876), 230.

“When the face, the back of the hand, or another part of the body the sensitivity of which is not too
weakened by touch is brought near an electrified conductor, there is felt the impression of a fresh breeze, of
a light breath, or of a cobweb.”

Pieter van Musschenbroek (1692 — 1761).

— Pierre Bertholon

Reference: In biography article by Louis Dulieu, in Charles Coulston Gillispie, Dictionary of Scientific
Biography (1980), Vol. 2, 83.

The concept of electrostatic induction was used in the past for building high-voltage generators

called influence machines. In recent years a new wireless power transfer technology has been developed

based on electrostatic induction between oscillating distant dipoles.

N

N AW
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Electrostatics in a Linear
Dielectric Medium

UNIT SPECIFICS

In this unit we have considered the following aspects:

Dielectrics;

Dielectric polarization;

Polarizability and charge density;

Classifications of dielectrics;

Different types polarization: electronic, ionic, orientation and space charge polarization;
relationship among D, E and P;

e Constitutive relations;

e Behaviour of dielectric under alternating field and dielectric losses.

The practical applications of the topics are discussed for generating further curiosity and
creativity as well as improving problem solving capacity.

Besides giving a large number of multiple choice questions as well as questions of short and
long answer types marked in two categories following lower and higher order of Bloom’s
taxonomy, assignments through a number of numerical problems, a list of references and
suggested readings are given in the unit so that one can go through them for practice. It is
important to note that for getting more information on various topics of interest some QR codes
have been provided in different sections which can be scanned for relevant supportive
knowledge.

After the related practical, based on the content, there is a “Know More” section. This section
has been judiciously designed so that the supplementary information provided in this part
becomes beneficial for the users of the book. This section mainly highlights the initial activity,
examples of some interesting facts, analogy, history of the development of the subject focusing
the salient observations and finding, timelines starting from the development of the concerned
topics up to the recent time, applications of the subject matter for our day-to-day real life or/and
industrial applications on variety of aspects, case study related to environmental, sustainability,
social and ethical issues whichever applicable, and finally inquisitiveness and curiosity topics of
the unit.
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RATIONALE

This unit on Electrostatics in a Linear Dielectric Medium will help our students to get a clear idea
about the dielectrics, its polarization and charge density as well as classification of dielectrics and
polarizations. It establishes some theoretical relations showing the behaviour of dielectric when
alternating field is applied and also the dielectric losses.

Typically by the term dielectric we mean materials having high polarizability. With this there
is an associated term known as the relative permittivity. It is important to mention that the term
insulator is usually used to represent electrical obstruction while on the other hand the
terminology dielectric is concerned with the energy storing capacity of the material through the
system of polarization. A very popular example of a dielectric is the electrically insulating
material which is kept within the metallic plates of a capacitor. With the application of the
electric field, polarization of the dielectric enhances the surface charge of the capacitor due to the
contribution of the strength of given electric field.

PRE-REQUISITES

Mathematics: Vector Calculus (Class XII)
Physics: Electrostatics (Class XII)

UNIT OUTCOMES

List of outcomes of this unit is as follows:
U2-O1: Describe dielectrics, dielectric polarization, polarizability and charge density

U2-02: Describe classifications of dielectrics

U2-0O3: Explain different types polarization: electronic, ionic, orientation and space charge
polarization

U2-O4: Explain relationship among D, E and P
U2-05: Describe constitutive relations
U2-0O6: Identify the behaviour of dielectric under alternating field

Unit-2 EXPECTED MAPPING WITH COURSE OUTCOMES
Outcomes (1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation)
CO-1 CO-2 CO-3 CO-4 CO-5 CO-6
U2-01 3 1 - 1 - -
U2-02 3 . . . . .
U2-03 3 - - - - -
U2-04 2 1 - 1 - 1
U2-05 2 - - 1 - -
U2-06 1 1 - - - -
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2.1 INTRODUCTION

For conductors even in the presence of a feeble electric field, a number of free charge carriers can
move. But another class of substances called as the dielectrics or insulators do not possess any free
electron inside them. In this type of materials the electrons are strongly bound to the atoms or
molecules composing the material and cannot be detached by the applied electric field below a break
down voltage from the materials. So, normally they do not conduct electricity. But they have some
electric effect which is different from that of a conductor and so these types of materials are very
useful in many engineering applications. Thus, the study of dielectrics in an electric field is equally
important as that of a conductor.

2.2 DIELECTRICS

The materials, in which all of the electrons are bound to the atoms of the material, are termed as the
dielectric materials. In this type of material, no free electrons are available to conduct electricity. So,
they behave like an insulator. Under the influence of an electric field, the dielectric ions or molecules
may be polarized. As, these types of materials exhibit electrostatic field for a long time in it, they play
major role in many electronic devices. The resistivity of dielectric substances is in the range
10°Qm —10'°Qm . Generally a dielectric substance is characterized by a parameter, called the
dielectric constant, defined as the ratio of permittivity of the dielectric medium to that of the free
space. It is also termed as the relative permittivity of the medium and is a dimensionless quantity.
Mathematically it can be expressed as,

k=g =L @1

0
where ¢ is the permittivity of the dielectric medium and &, is the free space permittivity. In SI unit

system, &, =8.854x107">Fm™.
Alternatively, dielectric constant of a material may be defined as the ratio of the capacitances of a
given capacitor completely filled with the material (C=¢4/d) to the capacitance of the same

capacitor in vacuum (C, =,4/d).

Hence, k=g =2 -C (2.2)

g G
Air, wax, glass, mica, paper, efc. are examples of such dielectric substances.
Example 2.1 An air capacitor is given a charge raising its potential to 250 V. If on

inserting a dielectric medium its potential falls to 50 V, what is the dielectric
constant of the medium?

Solution

We have dielectric constant of the medium, & = %

1 =
1 N
Again, C oc— A
r S
v
So, p= 20 s S

v, 50
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Example 2.2 A parallel plate capacitor, of area 0.0005 m” and a plate separation
of 5 mm, has a charge of 0.1 nC, when a voltage of 50 V is applied between the
plates. Calculate the dielectric constant of the material used to form the capacitor.

Solution
Given, plate area 4 = 0.0005 m’, plate separation d =5 mm = 5x 10°m, voltage

V=50V and charge 9 = 0.1 nC = 0.1 x 107 C.

Thus, the dielectric constant of the used material will be
_Gd  Ood
Cad aAV
_0.1x107x5x10”°
~ 8.854x107"% x0.0005x 50

= 05 =2.26.
8.854x0.025

EXAMPLE 2.2

2.2.1 Classifications

The large number of molecules present in a material medium consists of the nucleus and the electrons
revolving around it. If we can replace all the positive and negative charges in a substance by an
equivalent positive and negative charge located at the respective centre of gravity of the existing
charge systems, then depending on the separation between the centre of gravities of the positive and
negative charge systems, dielectric substances may be classified as, polar and non-polar.

Polar dielectrics: When the centre of gravities of the positive and negative charge systems of the
dielectric substance is separated by a finite distance, the dielectric substance is termed as the polar
dielectric material with an intrinsic dipole moment. Thus for polar dielectric molecule we have a
permanent dipole moment.

H,0, HCI etc are examples of polar dielectric material.

In normal state the charges (positive and negative) of a

E=0 . E=0 polar dielectric molecule are randomly oriented [Fig. 2.1
P s (&) e MR (a)] and compensate each other so that the resultant dipole
T AN &) moment per unit volume of a polar dielectric molecule is
zero, though it possesses a permanent dipole moment. In
case of an isolated atom, the center of gravity of positive
charges coincidence with the center of gravity of electron
cloud of the atom. So the electric dipole moment is zero.

b . .
ol = Hence an isolated atom cannot have a permanent electric
Fig. 2.1: (a) Polar and dipole.
(b) non-polar dielectrics

|
+
|
+
I+

Non-polar dielectrics: When the centre of gravities of the
positive and negative charge systems of the dielectric substance coincides exactly, the dielectric
substance is termed as the non-polar dielectric material having zero electric dipole moment in absence
of any electric field. These types of molecules possess symmetric structure with no permanent dipole
moment [Fig. 2.1 (b)].

H,, 0,5, N,, He, Ne, Ar, etc. are examples of polar dielectric material.

The basic difference between polar and non-polar dielectric materials is as given below:
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Polar dielectrics Non-polar dielectrics
i) They have permanent dipole moment | i) They do not have permanent dipole
even in the absence of electric field. moment in the absence of electric field.
ii) Polarization is temperature dependent. ii) Polarization is temperature independent.
iii) Examples are: HCI, CO, H,O efc. iii) Examples are: O,, N,, H; efc.
2.3 DIELECTRIC POLARIZATION — =
In dielectric material, electrons of the outermost orbit = - =%
are not able to move freely as they are rigidly bound = =F e
to the nucleus with definite forces, and so they are =%
referred to as the bound charges. When an external -+ — <=l iz il = B ol #
electric field is applied to this dielectric medium, -+ =
these bound charges will experience electrostatic
forces. For polar dielectric, the permanent dipole (a) (b)

associated with the molecule experiences a torque
which tends to align them along the direction of the
electric field [Fig. 2.2 (a)].

It is then said to be polarized, possessing a net dipole moment. When no electric

Fig. 2.2: (a) Polar and (b) non-polar dielectrics
in presence of an electric field

field is applied to a non-polar dielectric material, as discussed earlier, the positively =17 35 [=]
charged nucleus and negatively charge electrons are so close to each other that their e [
action is neutralized [Fig. 2.2 (b)]. But when an electric field is applied externally to -1 ;

the non-polar dielectric material, the positive charge is displaced a little along the [=]5:
direction of the applied electric field and the negative charge is displaced a little

opposite to the direction of the applied electric field, forming an electric dipole [Fig. for exploration
2.2 (b)]. So, the molecules of a non-polar dielectric material acquires an induced ;’g:ffﬁi;ﬁ:n
electric dipole moment along the direction of the external electric field and this via animation

phenomena is called polarization or more specifically dielectric polarization of the
non-polar dielectric material.

2.4 ELECTRIC DIPOLE MOMENT

When externally an electric field is applied to a dielectric material, the equal and opposite positive and
negative charges separated by a distance in the dielectric material will constitute an electric dipole.
The electric dipole moment is basically a measure of positive and negative electrical charge separation
within a system. Electric dipole moment of the electric dipole thus developed can be defined as the
product of any one of the charges and the distance of separation between them.

Thus the induced electric dipole moment will be,

p=qd (2.3)

It is a vector quantity and is directed from the negative to the positive charge. It measures the overall
polarity of the system.

Practical unit of electric dipole moment is debye.

1debye =10®statC-cm =3.33x 10°°Cm.
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2.5 POLARIZATION VECTOR

The electric dipole moment per unit volume of a dielectric substance is termed as the electric
polarization vector. Alternately, induced dipole moment per unit volume or the induced charge per
unit area of a dielectric substance is known as electric polarization vector. It is a vector quantity,
directed from the negative to the positive charge.

If n is the number of molecules per unit volume and p is the component of the electric dipole
moment of every molecule along the external electric field, the electric polarization vector is given by,

P=np (2.4)

Considering a continuously polarized dielectric, the electric polarization vector associated with an
infinitesimal volume element AV can be obtained as,

P lim 2P _4P
AVO AV dV

2.6 ELECTRIC SUSCEPTIBILITY

When external electric field is applied to a dielectric material, the dielectric molecules are oriented
along the direction of the electric field and get polarized. The electric polarization vector for a linear
homogeneous dielectric medium is proportional to the external electric field and may be expressed as,

PxE
or, P=¢,yE (2.6)

(2.5)

where 4 is the electric susceptibility of the dielectric medium and &, is the permittivity of the free
space. Electric susceptibility effectively represents a dimensionless proportionality constant and it
indicates the degree of polarization of a dielectric material in presence of an external electric field. It
can be obtained from Eq. (2.6) as,

4= (2.7)
&k

and so it indeed represents the ratio of polarization per unit volume per unit electric field of the

dielectric substance. It is a positive constant for a particular dielectric material.

2.7 ATOMIC POLARIZABILITY

When an electric field is applied externally to a dielectric substance, the dielectric molecules are
oriented along the direction of the given electric field and get polarized. The net induced dipole
moment of an atom in a dielectric medium is proportional to the external electric field and may be
expressed as,

PxE
or, p=ak (2.8)

where « is the proportionality constant and is known as the atomic polarizability of the dielectric
medium. It can be defined as the induced dipole moment in the atom in response to the application of
electric field. Basically, it is the ratio of induced electric dipole moment per unit electric field of an
atom of the dielectric medium.
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Hence it can be mathematically expressed as,

_P
a=" (2.9)

The SI unit of atomic polarizability is found to be Fm” .

Now, the electric polarization vector can be expressed in terms of atomic polarizability as,
ﬁzn; =naE (2.10)
and hence the electric susceptibility of the dielectric medium is given by,
g=——-n (2.11)
&E ¢

Eq. (2.11) gives the relationship between electric susceptibility and polarizability.

Example 2.3 Calculate the induced dipole moment per unit volume of He gas if it
is placed in an electric field of 6000 Vem™. Take the atomic polarizability of He as
0.18x 10™* Fm” and density of He as 2.6 x 10> atoms/n’.

Solution

Here, the atomic polarizability of He = o = 0.18 x 10* Fm’, density of He = N =

2.6x 10* atoms/m’ and electric field = E = 6000 Vem™ = 6 x 10° V'™ :
So, the induced dipole moment per unit volume of He gas E
p=NaE=26x10%" x0.18x107* x 6 x10° ;EE
or, p=281x10""C/m>. K
Example 2.4 Calculate the polarizability of a gas if its susceptibility is 4 x 10,
Given the density and molecular weight of the gas are 1.7 kg/m’ and 49
respectively.
Solution
Given, susceptibility of the gas = y = 4x10™, its density = 1.7 kg/m’ and molecular
weight = 49.
So, the number of atoms per unit volume is
ne Avogadro numberx density _ 6.02x10%°x1.7 —2.089x10%.
Atomic weight 49 -
Thus, the polarizability of the gas will be 2
a:£07528.854x10_12x4x10_4 =
n 2.089x10% é
=1.695x10"*Fm’. =

2.8 DIELECTRIC SUBSTANCE IN ELECTRIC FIELD

Let us discuss the behavior of a dielectric substance when placed in an electric field. For this, we
initially consider a parallel plate capacitor which is placed in an initially uniform electric field so that
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one plate of the capacitor acquires positive charges and the other plate of the capacitor acquires
negative charges (Fig. 2.3).

+ EEGST T ;—| -

Now, if a dielectric substance is placed in between the plates of 1 i: T’ :: <
the parallel plate capacitor, there will be a slight shift of its positive ¥ g :: =
charges towards the negative plate and negative charges towards the : :: |-
positive plate; so that the slab of dielectric substance gets polarized + I :: -
with the formation of molecular dipole in it. i = “‘T :i -
Due to this polarization, and hence the formation of the dipole +| ST |-

an electric field will be induced inside the dielectric slab, opposite
to the direction of external electric field. If £ is the intensity of the
initial electric field and E, is the intensity of the electric field
produced inside the dielectric material, the resultant electric field inside the dielectric material will be,

Fig. 2.3: Dielectric substance in
an electric field

E'=E-E, (2.12)
Thus when a dielectric is placed in an initially uniform electric field, the field within the dielectric is
reduced due to the dielectric polarization.

2.9 DIELECTRIC UNDER ALTERNATING FIELD

While placed in an alternating electric v g
field, the dipoles in the dielectric 4 4
material get aligned along the applied
field and a part of the applied energy
gets lost. These losses of energy are T ;
termed as the dielectric losses. The
dielectric losses depend on the 0

frequency of the alternating electric field —l > j >
and the method of polarization. To — V X —>V X
calculate an expression for the loss let us (@) (b)

consider a parallel plate capacitor with
capacitance C, plate area A4 and
separation between the plates d.

—_—

Fig. 2.4: V-l phase dependence for (a) ideal,
(b) real dielectrics

When placed in an alternating electric field, the current through the capacitor will be the sum of
the conduction current and the displacement current and is given by,

I=1,+1, :1+K:2+K:a)CV +K
t R t R R
For an ideal dielectric material /- = 0 and the resultant current is given by,
I=1,=aCV
Again the capacitance of the capacitor is given by
€A
C= - (2.13)

Thus, I, (2.14)
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Now, the loss angle will be

1
tan o = I—C [from Fig. 2.4 (b)] (2.15)
d
or, I, =1,tand = ngVtanS

to see variation
of the dielectric

=weAEtan S [as V= Ed] (2.16) constant in

alternating field

Thus, the actual power loss is given by using Eq. (2.16) as,
P, =VI, = wg AEV tan & = we AE*d tan &

= wevE?* tan & = 2vevE” tan & 2.17)
From Eq. (2.17), it is clear that the actual power loss is proportional to the volume (v = Ad) of the

dielectric material, frequency (u = Zij of the alternating electric field, dielectric constant (& ) of the
z

dielectric material, square of the alternating electric field (£) and the loss tangent (tan o ) .

2.10 HOMOGENEITY, LINEARITY AND ISOTROPY

A dielectric medium is called as a homogeneous medium if its physical characteristics like mass,
density, permittivity efc. remain same at all points in a given direction, i.e., the physical characteristics
of the medium is independent of the space coordinates.

On the other hand, a dielectric medium is said to be inhomogeneous if its physical characteristics
like mass, density, permittivity etc. changes with the change in positions, ie., the physical
characteristics of the medium is dependent on the space coordinates.

If the permittivity of a dielectric medium does not change with the applied electric field, the
medium is said to be /inear and if the permittivity of a dielectric medium changes with the applied
electric field, the medium is said to be non-linear.

A dielectric medium is called as an isotropic medium if its physical characteristics like mass,
density, permittivity etc. remains same at all points in every directions and the dielectric medium is
said to be anisotropic if its physical characteristics like mass, density, permittivity efc. changes with
the change in directions.

2.11 RELATION OF FLUX DENSITY, INTENSITY AND POLARIZATION

In this section we wish to find a relationship among flux density, field intensity and polarization of a
dielectric medium. For this, let us consider a homogeneous, isotropic dielectric slab of face area 4 and
thickness ¢, placed between the plates of a parallel plate capacitor (Fig. 2.5). Now, if the parallel plate
capacitor is placed in an initially uniform electric field, one plate of the capacitor will acquire positive
charges and the other plate of the capacitor will acquire negative charges and the dielectric slab will
become polarized as discussed earlier.

Due to this polarization let, ¢, and —g, be the bound charges induced on the end faces of the

slab producing their own electric field intensityz . Thus, for the whole slab the dipole moment is



62 | Physics - Introduction to Electromagnetic Theory

q,t and since the volume of the slab is 74 so, the magnitude of electric polarization may be obtained

_Bt_9
4 A

as, \13\ =o, (2.18)

where o, = %’ is the surface density of polarization charges of the dielectric slab.

+ - + s S -
/S s 4
+ - +|\V / // v -
+ - + / /’j // /'/ 45
. L N/ /7, 7 |
E ol y-yaydls
+ —_— - + S p— ) o
i / /__./ /_/ VR,
+ - -
Py /
+ - +|/ / S Al -
i 4 /’ /
+ - /2 /7 / =
+ L N 1 -
(a) (b)

Fig. 2.5: Parallel plate capacitor with (a) no dielectric and (b) given dielectric

Now, if E be the electric field intensity of the initial electric field and E, be the electric field
intensity produced inside the dielectric material, the resultant electric field inside the dielectric
material will be,

E=E-E, (2.19)

Again if o and 0p be the surface density of charges on the capacitor plate and the surface
density of induced (polarization) charges on the dielectric slab respectively then,

E, =2 (2.20) (a)
€o
and E=2 (2.20) (b)
&
So, g=2_9r 2.21)
& &
or, o=gE +o,=5,E'+P (2.22)

The quantity &,E'+ P is called the electric flux density or electric displacement and is denoted

by D. This basically represents the number of lines of force that passes normally through unit area.
More generally, in vector form the expression for the electric displacement vector is given by,

D=¢,E+P (2.23)

For free space i.e., in vacuum P=0 and the electric displacement vector is given by,
D=¢,E (2.24) (a)
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212 FLUX DENSITY AND ELECTRIC FLUX

Electric flux density represents the number of electric lines crossing normally through a unit area and
for a linear isotropic medium under consideration with permittivity ¢; the flux density vector is
defined as,

D=¢E=¢)¢,E (2.24) (b)

Surface integration of the normal component of the flux density vector over a closed surface (S)
may be regarded as the electric flux (p) enclosed by the surface. Hence the electric flux may be
expressed as

0= j D.dS (2.25)
S

2.13 GAUSS’S LAW IN DIELECTRICS

It is similar to Gauss’s law in electrostatics and applicable for any dielectric medium. It states that the
total electric flux i.e., the surface integration of the normal component of the flux density vector over a

. . . . 1 ..
closed surface of a dielectric medium is equal to — times the total charge enclosed by the surface.
€

Thus, 0= j DdS=gq (2.26)
S

where D=¢E= gokE‘ (2.27)

is the electric displacement vector. Here, & is the dielectric constant of the dielectric medium.

2.14 CONSTITUTIVE RELATIONS

Different physical parameters like electric susceptibility, dielectric constant, atomic polarizability,
electric polarization of a dielectric medium are related with each other through some relations
commonly referred as the constitutive relations for dielectrics. In the subsequent sections we will
derive a few such relations.

2.14.1 Electric Susceptibility and Dielectric Constant
We know that the electric displacement vector, D = sE = g,k E and the electric polarization vector,
P=¢,yE.
So, from the expression for the electric displacement vector, D = ¢, E + P we get
gokE =6, E + sy y E
Simplifying we get,
k=1+y (2.28)

This gives the relationship between electric susceptibility and dielectric constant of the dielectric
medium.
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Example 2.5 If the dielectric constant of a gas at NTP is 1.000056, find its electric
susceptibility.

Solution

The dielectric constant of a gas at NTP is 1.0000456.

So, its susceptibility will be y =&—1=1.000056—1=0.000056=5.6x10".

EXAMPLE 2.5

2.14.2 Electric Susceptibility and Atomic Polarizability

The electric susceptibility of the dielectric medium is given by,

__P _na
4 &E ¢
k=1+y=1+"% (2.29)

€o

This gives the relationship between electric susceptibility and atomic polarizability of the dielectric
medium.

Example 2.6 Assuming that the electric polarizibility of an Argon atom is 1:43 x
10*° F.m?, find the dielectric constant of solid Argon. Given density of Argon is
1-8 g. cm ° and atomic mass of Argon is 39-95 g.mol .

Solution

Given, the electric polarizibility of an Argon atom = 1-43x 10™* F.m’, density of
Argon = 1-8 g.cm  and atomic mass of Argon =39-95 g.mol .
So, the number of Ar atoms per unit volume is

ne Avogadronumberxdensity  6.02x 10%x1.8

© —— =2.7x10%.
N Atomic weight 39.95
E Thus, the dielectric constant of solid Argon is
= 25 —40
2.7x1 1.43x1
> k=122 2 2D A0 oogs6,
= & 8.854x10~

2.14.3 Electric Polarization and Dielectric Constant
We have, from D :50E+13,
sokz“ =&, E+P
or, P=(k-1)¢,E (2.30)
This gives the relationship between electric polarization and dielectric constant of the medium under
consideration.
Now, if £ be the electric field intensity of the initial electric field and E, be the electric field

intensity produced inside the dielectric material, the resultant electric field inside the dielectric
material will be,
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- - — - p —
E'=E-E,=E——=E— yE'
20
or, F--Lt _E (2.31) (a)
1+y &k
E’
or, Z o1+ y=k (2.31) (b)
E

Thus the ratio of the applied electric field E and the net electric field E’ within the dielectric is the
dielectric constant of the medium.

215 TYPES OF POLARIZATION

If a dielectric substance is placed in a uniform electric field, the field re-aligns the dipoles resulting in
polarization. These may be produced,

1) when the electric field distorts the charge distribution of molecules and produces induced dipole
moment in each molecule and,

ii) when the electric field exerts a torque on the randomly oriented permanent dipoles in place of polar
molecules.

In the subsequent sections some basic types of dielectric polarization are illustrated extensively.

2.15.1 Induced (Electronic) Polarization

If a dielectric substance is placed in an external electric field, the electrons of the atoms of the
dielectric substance are relatively displaced from the heavily fixed nuclei. Due to this an induced
electric dipole moment is produced along the direction of the external electric field and the induced
dipole moment per unit volume of the dielectric substance gives the induced (electronic) polarization.
Due to the displacement of electrons with respect to the nucleus an induced electric dipole moment is
produced along the direction of the external field.

It is independent of temperature of the dielectric substance but depends on the atomic radius. To
investigate the nature of dependence let us consider an atom of atomic number Z and radius », with
uniform distribution of the charge cloud as illustrated in Fig. 2.6 (a). So, the charge density will be,

Ze

p=—7 (2.32)

3
—tr

3

Now when this atom is placed in an electric field £ , let the nucleus and the electron cloud will be
displaced by an amount x [Fig. 2.6 (b)].

So, the Lorentz force along the direction of the electric field will be,
F, =ZeE (2.33)
and the force of attraction between the nucleus and the electron cloud will be,
4 ;3
Ze.— X’ p 22
F - 3 _ Ze x

2 h 3
4reyx drgyr

(2.34)
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Electronic shell

—

Nuslets Centhér of

-ve charge

(b)
Fig. 2.6: (a) Neutral atom (E = 0) and (b) induced polarization in presence of E-field

Now, for equilibrium the net force on the nucleus must be zero. So, equating Eq. (2.33) with Eq.
(2.34) we get,

22
Z7e'x

ZeE = 3
dreyr

47, rE
X=—
Ze

So, the displacement of electron cloud is proportional to the applied electric field. Now the
induced electric dipole moment will be,

p=Zex

= 47eyr E (2.36)

or, (2.35)

Thus the induced electric dipole moment is also proportional to the applied electric field.
Again the electric polarizability is given by,

V4 3
o =—=4r¢ 2.37
= dmar (2.37)
If the number of atoms per unit volume be n, the electric polarization will be,
P=np=nak
:47r50nr3E (2.38)

This gives the relationship between electronic polarizability and atomic radius.
Also we have dielectric constant of the medium as,

k=1+2%
2
no=g,(k—1)
or, drgyr’n =gy (k1)
or, (k =1) =4z
or, k=1+4zn’ (2.39)

Eq. (2.39) gives the relationship between the dielectric constant and atomic radius.
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Example 2.7 At 0 °C and 1 atmospheric pressure, the dielectric constant of He is
1.0000684 and the gas contains 2.7x 10* atoms/m’ under these conditions.

Calculate the radius of electron cloud and the displacement when the He atom is
subjected to a field of 10° V/m.

Solution

Here, dielectric constant = k£ = 1.0000684, no of atoms per unit volume =n = 2.7 X
10% atoms/m’ and applied electric field = £ = 10° V/m.

Now we have, k=1+4zm
3 k-1 1.0000684 -1
or, a = =
4rn A4z x2.7x10%
or, a=272x10""m,
which gives the radius of the electron cloud.
Again, the displacement of the electron cloud is
drgya’ E
X=———
Ze
47 x8.854x1072x20.2x107% x10°
2x1.6x107"

=202x107%¢

=0.7x10*m.

EXAMPLE 2.7

2.15.2 Atomic Polarization

The dielectric materials which possesses ionic bond (e.g. NaCl, KCI etc.), can generate atomic or ionic
polarization. In this type of a crystal there happens a transfer of electron from one atom to another.
When an electric field is applied to this type of crystal, the positive and negative ions are respectively
displaced along and opposite to the direction of the electric field [Fig. 2.7 (b)], until the force of the
ionic bonding can stop it. Due to this an induced electric dipole moment and hence induced electric
polarization (p;) is produced. This induced electric polarization is due to the mutual displacement of
the positive and negative ions of the lattice and is independent of temperature. The induced dipole

moment of the ionic crystal is proportional to the applied electric field and thus, p; oc E

or, p, =o,E [where ¢; is the ionic polarizability] (2.40)
= & =) & - & (=@ =& =) &
- + =~ v - + =) & =) & =)&)
- & - & - * =+ - & -+
- & - @ - =)+ - - *

(@) (b)
Fig. 2.7: lonic polarization with (a) no field (E = 0), (b) applied field (E # 0)
If the number of dipoles per unit volume of the crystal in 7, the ionic polarization is given by,

P =np, =na,E (2.41)
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Apart from ionic polarization, an ionic molecule also possesses electronic polarization due to the
movement of electron cloud under the action of the electric field. So, total polarization will be the sum
of ionic and electronic polarizations and is given by,

P=P.+P=n(a, +a)E 242)

2.15.3 Dipolar Polarization
This type of polarization is observed for polar dielectrics, having permanent electric dipoles (e.g. HCI,
NO; etc.). Generally in absence of external electric field, these dipoles

are randomly oriented to cancel the effects of each other, to have zero @
electric dipole moment. But when an external electric field is applied,

these dipoles are oriented along the direction of the electric field, to R L6
produce a net dipole moment and hence a net torque on it (Fig. 2.8). The + /

polarization thus developed is known as the orientational polarization.

This type of polarization varies inversely with the temperature. The

torque acting on the polar molecules of the dipole when subjected to an @
electric field of intensity £ is given by,

1 Fig. 2.8: Dipol ientation i
T =pOESH19 (2.43) g Ipolar orientation in

presence of electric field
where p, is the orientational dipole moment. When the dipole is rotated
through 180°, maximum work is done and the maximum orientational dipole energy is given by,

Epx = | PoEsin0=2p, (2.44)
0

and when the dipole is along the E-field, there is no work done. So, the average orientational dipole
energy is given by
2pE
E, = p2° = poE (2.45)
Now, the orientational polarization will be effective when the ratio of average orientational dipole
energy and average thermal energy is greater than unity. Thus, the average orientational polarization is

E
given by, F, o« LoZar
th(av)
5
here, Epany = 5 kT
2
E
SO, B) c[po—
(5/2)kT
Using M-B statistics, we can obtain the average orientational polarization as,
2
E
p =" e E (2.46)
3 kT

where n is the number of dipoles per unit volume of the crystal. The orientational polarizability is
2

thus, a, =20 (2.47)
3T
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2.15.4 Interfacial Polarization

This type of polarization occurs in multi-phase dielectric materials possessing different resistivity for
different phases. In absence of electric field there is no separation between positive and negative
charges within the material. But relatively high temperatures in the presence of electric field, due to
the sudden change in conductivity across the boundary, the positive and negative charges are being
accumulated on the opposite faces of the dielectric materials [Fig. 2.9 (b)]. Due to the displacement of
ions, an induced dipole moment is produced and the polarization thus developed is termed as the
interfacial or space charge polarization. This type of polarization of the dielectric material strongly
depends on the temperature.

— Of the different types of polarization, the
@ 5 - . & B @B @ B ® D | electronic polarization is the fastest and
LS typically persists at frequencies between
® P IE ~10"-10"Hz. On the other hand, ionic
- @ B polarization is slower and typically occurs at
2 D& =2 ] frequencies  between ~10°-10" Hz, while
(a (b) dipolar or oriental polarization involvin%
movement of molecules happens below 10
Hz and interface or space charge polarization
occurs at frequencies below 10 Hz [Fig.
2.10].

Fig. 2.9: Interfacial polarization with (a) no field (E = 0),
(b) applied field (E # 0)

Space charge polarization

lonic polarization

Oriental polarization ¢ Electronic polarization

}

Dielectric constant

1 01 108 1013 1015
Frequency (Hz)

Fig. 2.10: Variation of dielectric constant with frequency

2.16 POLARIZATION OF MONOATOMIC GAS

If an atom with atomic number Z is subjected to an external electric field (£), the center of positive
charge is displaced along the applied field direction while the center of the negative charge is
displaced in opposite direction (Refer to Fig. 2.6). Thus electric dipole is produced. Electronic
polarization can persist to extremely high field frequencies because electronic standing waves within
atoms have higher natural frequencies. When the atom is placed into an external electric field E, the
nucleus and electron cloud move in the opposite direction. It is important to mention that the
equilibrium can be shifted with the nucleus. It is shifted slightly relative to centre of the electron by a
distance x proportional to the applied electric field which can be expressed as,

4re, rE
X=—
Ze
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As a consequence, the induced dipole moment which is proportional to the applied field can be written
as, p=Zex= 47r50r3E

Again the electric polarizability is given by,
a= L _ 4rg, r
E

If the number of atoms per unit volume be 7, the electric polarization will be,

P=np=nak= 47r50nr3E

2.17 POLARIZATION OF POLYATOMIC GAS

For common dielectric materials, space charge polarization is not very important as it is observed only
at the interfaces of a dielectric material and is so small to be neglected. Hence the total polarization of
a dielectric material may be assumed as the combined effect of atomic, ionic and orientational
polarizations. So, for a polyatomic gas having n molecules per unit volume considering the effect of
atomic, ionic and orientational polarizations the total polarization is given by,

P=P +P +P =na,E+noE+noE=n(a, +a; +a,E (2.48)
Py
or, s xE=¢,(¢, -1)E=n a0+ E
E
or, e (e. —1)=nla, +a +—=—|=na 2.49
0 ( 7 ) |: e i 3kT} T ( )
where, the total polarizability can be obtained as
p 2
ar =a, +a; +—— 2.50
T e i 3kT ( )

2.18 CLAUSIUS MOSSOTTI RELATION
The electric field which is responsible for polarizing molecule of dielectric is called molecular field

and in this section we will be denoting it by £, . It is a macroscopic quantity which differs from the
external field and is therefore termed as the local field. To obtain an expression for it, a small piece of
dielectric is drawn leaving a spherical cavity of radius r, surrounding the point under consideration.

Now, let us put the dielectric back into the cavity, molecule by molecule except for the molecule
where we wish to find . These molecules may be treated not as a continuum but as individual
dipole. Let, O be the centre of the spherical cavity in the dielectric and its radius is large compared

with the inter molecular distance but small compared with the dimension of the whole dielectric. Let,
the dielectric is placed between two parallel plates.

Now, the electric field experienced by a molecule of dielectric assumed to be placed at the centre
of the cavity is given by,

E'm =E'1 +E2 +E'3 +E4
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here, Eis the field between two parallel charged plates with no dielectric, Eis the field due to
polarized charges on the outer surfaces of the dielectric, Esis the field due to polarized charges on the

inner surfaces of the spherical cavity and E.is the field due to all dipoles inside the spherical cavity.

In this case, E; ==

+| F -
80 L J 7/ / -
. . +* -
where o is the surface charge density, . / -
- P + -
E,=— + / -
% : / /4 -
- + + |-
where P is the polarization vector due to the polarization of the
. . - — Fig. 2.11: Spherical cavity
dielectric when placed within the external field E .
. _ P o
En=E1——+E3 +E4 (2.51)

)

If the dipoles in the cavity are located at the regular atomic position of a cubic crystal, E4 =0but

in case of anisotropic medium E4 # 0.

Let, E be the electric field in the dielectric when it is placed in an external field £1 . From the
consideration that the normal component of electric displacement D is continuous across the

vacuum-dielectric interface, as D is perpendicular to the surface, hence D in the vacuum just outside
the dielectric should be equal to that in the dielectric i.e.,

80E1 =80E‘+1—D

Combining the equations and using Es=0 , we get,

- - P P - ~
En=E+———+E3;+0=E+E3 (2.52)
& &

The electric field Ej generated by the polarization is equivalent to the field produced by the
charge distribution associated with the polarization. If this value throughout the volume of the

dielectric is constant, then
Pcosé

pp=-V.P=0andc, —Pr=Pcosf.

Thus, the electric field at the centre O due to charge over the surface
area S of the surface at point A with polar coordinates (r, &) is given by,

1 O-PzdS;'

dE' =
dre, ¥

Fig. 2.12: Concept of
Now, dS =27rsin Ord0=271* sin 0d O polar coordinates
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, 1 Pcos@2xr*sinfd0~  pcos@sin0do ~
dE' = r="—""""""""y
A7z, r 2¢,

From symmetry it is clear that only the component of £’ along the direction of P will contribute to
the total field £

Pcos’® Osin 8d6

dE; =dE'cos @ =
2¢,

P T . P
E, =—— | cos” @sin 0dO =—

& 3g,
—~ P
or, Ey=— (2.53)
3¢g,
—~ - P
En=E+— (2.549)
3¢g,

Now, for ideal dielectric D = & E+P and D=¢E

(s, F+P
or, ﬁz(g—go)f*?:gO[i—l]E:go(k—l)lT?
€
S k-1)E (k+2)E
Hence, Em =E+80( ) =( i ) (2.55)
3¢, 3
—  3En
E= 2.
(k+2) (2.56)

Substituting in Eq. (2.54) we get,

En=E+ =t P
35, (k+2) 3e

= = (k-1
or, P=3¢,En 2.57
“o (k + 2) @37)
The dipole moment of a molecule per unit polarizing field is called molecular polarizability i.e.,
P
o=—
Em

If there is » number of molecules per unit volume then polarization

P= n;m = naEn
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— — -1
nakEm =36y En k—
k+2
na k-1
or, = =
35 k+2

This equation is known as the Clausius-Mossotti relation. The function is known as the volume

(2.58)

polarizability. At optical frequencies k = z* where x is the refractive index of the medium.

na _ i -

3¢y 1 +2

This equation is known as the Lorentz- Lorentz relation.

2.19 DIELECTRIC SPHERE IN UNIFORM ELECTRIC FIELD

When a dielectric sphere is placed in a uniform
electric field, the field will be distorted in the
close proximity of the sphere.
Let a dielectric sphere of radius a and r

permittivity &, is placed in a uniform electric
6

(2.59)

P (r,8)

field intensity E, which acts in the Z-direction as

shown in Fig. 2.13. Since the induced charge is
symmetric about the axis therefore a potential at
any point can be expressed in terms of zonal
harmonics. Let us consider a point P outside the

sphere whose polar co-ordinates are (r,6) with Fig. 2.13: Dielectric sphere placed in a

respect to the origin considered to be situated at uniform electric field
the centre of the sphere.

The potential at point P may be written as,

é(r,0) = i [An ¥+ B ]pn (cos8)
n=0

where, the coefficients 4, and B, can be determined by using the proper boundary conditions. p,(cosé)

in Eq. (2.60) is the Legendre polynomial (see Annexure IV for details).

(2.60)

The boundary conditions which can be used to evaluate the coefficients 4, and B, are,

i) Laplace’s equation will be satisfied at every points inside and outside the sphere i.e., V¢ =0and

V?¢, =0 at every points inside and outside the sphere.
ii) ¢ is finite at every points inside the sphere i.e., for 7 <a.

iii) As ¥ > a,¢, >—E,Z=-FErcos@.

iv) Tangential component of electric field intensity is continuous across the interface of two media,

ie, =@ atr=a.
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v) Since there is no free charge available in the vicinity of the sphere, therefore the normal component

of electric displacement is continuous across the interface of two media i.e., ¢

o4, _
1 6}’ 2
From second boundary condition, inside potential ¢ may be written as,
$=> [Anr" p, (cos 0):'
n=0

and outside potential @, may be written as,

o

¢ =) [Cnr" +B,r " ]pn (cos8)

n=0

. . . . . .1
Since there is no net charge therefore there will be no termin ¢, which contains — .
r

ZC r'p, (cos)+ ZD " p (cos )

n=0

From third boundary condition, —E,rcos @ =" C,r" p, (cos 6)

n=0
or, —E;rcos@=C,+Crcosf+.........

Comparing both sides we get, ¢, =0and C, =—E;andC, =0for n>2

¢, =—E,rcos 0+ i D,r""Yp (cosB)

n=1

For simultaneous satisfaction of 4™ and 5" boundary conditions we may write, 4,

n > 2. Now, equations (2.61) and (2.63) may be written as,
¢ =A, +Arcos

D,
and ?, =—E0rcost9+—zlcost9
r

.. D,
Now, from fourth boundary condition, 4, + 4 acos@=—-E acos & + —21 cosd
a

. . D
Comparing both sides, we get 4, =0 and 4, = —- - E,

a
So, 9, =4, cosd
or
0 2D,
and ;2 =-E, cos@——3100s9
r

i 2D
Thus, from fifth boundary condition ¢4, cos =&, (—E, cos 8 — —31 cos &)
a

(2.61)

(2.62)

(2.63)

(2.64)

=0,D, =0 for

(2.65)

(2.66)
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. . 2D
Comparing both sides, we get, 4, =—¢&,(E, + —31)
a

or, gk, +&Ey=—6,——¢
a a

(&, +&)Ed (6 -&)Ed

Dl = - =
2g, + ¢ 26, + &
4 _(51 _gz)Eo _E _(51 —& —28 _gl)EO _ 3gE,
1 2&, + ¢ 0 2¢, +& 2¢, + €
3&,E,rcos@
§ =
2¢, + ¢
(51 _gz)an3 cosd
and @, =—FE,rcosd+

2¢, + & r

So, the field inside the dielectric sphere will be,

E:_5¢1;
0oz

where, z=rcos @

E 0 |: 382EOZ :|;_ 382E0 ;

1

o 28, + & - 28, + &
again, E, = E222 + EZ,; +E,y 0
0
where, E, = > (=E,rcosf)=E,
4

E = 0 {(‘91 _‘92)E0a3 COS@}: 2E0a3 (‘91 _‘92) cosd

=
o] 26+ 2¢, + ¢ r

and, Ey=——— 2 3

10 |(&-6)Ea coso :an3 (¢ —&)sin®
r o6

2¢, + ¢ r 2¢g, + ¢ r

— ~ 2E,d (¢ —¢ o ~ Ea’ (g —¢ in@ ~
0 1 2 ) COS 0 1 2 ) SIn
Thus, E,=E,z+ ( ) T ( ) 0

28, + & r 28, + ¢ r

— N E0a3(gl—52) A A
or, E,=E;z+ —[2 cos fr +sin 99}

(252 + gl)r

(2.67)

(2.68)

(2.69)

(2.70)
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Also we know that the radial component of field intensity is,

_ 2an3 (51 - 82) cos@ pcost

3 3

. [where p is the induced dipole moment]

2¢g, + ¢ P 2me, ¥
— ArE5d (g —¢,)~
or, = z 2.71
P 2¢, + ¢ @71
So, the polarization is
~  p  3rEe(g-&)~
po_p _ha(a-a); (2.72)
4 3 282 + &
Eﬂ'a

2.20 DIELECTRIC STRENGTH AND BREAKDOWN

When the applied electric field on a dielectric material is sufficiently large, it can
pull the electrons out of the molecule to produce conductivity and then a dielectric
breakdown is said to occur within the dielectric material. The maximum value of
the electric field that can be tolerated without a breakdown is called as the
dielectric strength of the dielectric material.

When a dielectric substance losses its resistivity and allow a large current to

flow through it, dielectric breakdown is noticed. Generally, high electric field is to sec dielectric
responsible for such a dielectric breakdown. Other important factors are e
temperature and impurity. High-voltage transformers contain oil as their insulating animation

dielectric. When a critical electric field is exceeded, conduction path grow at ps
speeds through the oil in the form of branded trees, called streamers. These can
lead to destructive breakdown.

2.21 APPLICATIONS OF DIELECTRICS

Based on the properties like the dependency in temperature, range of permittivity, dielectric strength,
insulation etc. dielectric materials are used in various industrial purposes for the manufacturing of
different electrical devices. Most common uses of these materials are in capacitor, power transformer,
cables, spark generators, transducers, electric wiring, electric heating, electric distribution lines etc.
Specifically, in transformer, the dielectric material are used as insulator as well as cooling agents and
in capacitor dielectric material is used to store electrical energy.
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UNIT SUMMARY

Dielectrics
Relative permittivity k = &, = £_&
& G
Polarization in Dielectrics
Polar dielectrics
have permanent dipole moment even in the absence of electric field.
Non Polar dielectrics
don’t have permanent dipole moment in absence of electric field
Electric dipole moment
p=qd
Polarization Vector
= = —~ . Ap dp
P=np P= lim =2 - ar
AV-0 AV dV
Electric susceptibility

_ P
Gy
Atomic polarizability
-t
Behaviour of dielectric substance in an electric field
F-E-E,

Dielectric loss: Behavior of dielectric under alternating field
P, =27vevE” tan &

Homogeneity, Linearity and Isotropy

Homogeneous medium

Physical characteristic remains same at all points in a given direction
Inhomogeneous medium

Physical characteristic changes with the change in positions
Linear medium

Permittivity of a medium does not change with the applied electric field

Non-linear medium

Permittivity of a medium changes with the applied electric field
Isotropic medium

Physical characteristic remains same in every directions
Anisotropic medium

Physical characteristic changes with the change in directions
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Relationship between flux density, field intensity and polarization
D=s,E+P
Electric Flux density and Electric Flux
Q= I D.dS
5
Gauss law in Dielectrics
@zjﬁdgzq
5

Relationship between different physical parameters: Constitutive relations
ET =1+ y=k
E

Types of polarization

Induced (Electronic) polarization: p = Zex = 47e,r° E
Atomic (Ionic) polarization: B, =np, =na, E

n PozE

Dipolar (orientational) polarization: P, = T

=na,E

Polarization of monoatomic gas
p=Zex=4re,r E
Polarization of polyatomic gas
P=P+P+P,
=n(a, +a; +a,)E

Spherical Cavity: Clausius Mossotti Relation
ne k-1

3¢, k+2
A dielectric sphere placed in a uniform electric field

TJ=£= 37E,¢, (& —82)2

V 2¢, +&
Dielectric strength and dielectric breakdown
Dielectric strength
Maximum electric field intensity that can be tolerated without breakdown
Dielectric breakdown
Sufficiently large electric field pull electrons out of the molecule
Applications of dielectrics
Uses of these materials are in capacitor, power transformer, cables, spark
generators, transducers, electric wiring, electric heating, electric distri-
bution lines etc
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EXERCISES

Multiple Choice Questions

2.1

2.2

23

24

2.5

2.6

2.7

2.8

2.9

2.10

2.11

If ?’represents the polarization vector and V.P = p then p is the density of
(a) free charge (b) bound charge

(c) free charge at the boundary of the dielectric

(d) sum of free and bound charges

The dielectric constant for an ideal conductor is

(a)0 b)1 (©)-1 (d) infinity

The electric dipole moment of a particle (atom or molecule) per unit polarizing electric field is
termed as

(a) polarization (b) polarizability (c) net dipole moment (d) susceptibility

The electronic polarizability («, ) of an atom is related to its radius (R) as

(@) a, < R’ (b) a, « R (c) a, < R (d) a, « R°
Dielectrics are substances which are

(a) semiconductor (b) conductor (c) insulator (d) both (b) and (c)
The electrical conductivity of an insulator is zero due to the absence of

(a) bound electrons  (b) free electrons (c) protons (d) neutrons

The ionic polarizability is

(a) dependent on temperature (b) independent on temperature

(c) dependent on current density (d) dependent on the concentration of ions

If the applied electric field is E , the net electric field £ within the dielectric is

@) E=E-s,P () E=F+5P () E=FE+L @ F-F-L
€o €o

The unit of polarizability is

(a) Nm?*/C? (b) debye (¢) Fn’ (d) V/m

For polar dielectrics, orientational polarizability ¢, is given by
2 2
H H H

a =3u kT b =—£ ¢) a, =—— d) a, =2
(@) a, =34, (b) a, T (c) a, T (d) a, T
At lower frequency (~100Hz) there exist

(a) only orientational polarization (b) only ionic polarization

(c) only electronic polarization (d) all these types of polarization
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2.12  Electrical susceptibility , is

P P 35,E
a) y,=—— b) 7. = C) y. =&,EP d) 5, =220
@) 7, o E (b) 7. 3o E (©) x. =5 (d) z. P

2.13 The electronic polarizability of a monoatomic gas atom is

(a) 47g, (b) 47eyR (c) 47g, R’ (d) 47ze,R*
2.14 The SI unit of polarizability is

(a) Fm™ (b) Fm (c) Fm™ (d) Fm®
2.15 The electric susceptibility of the dielectric medium is given by,

@z =5 ®) =5 © 2= (@ 7 ="
2.16 The relationship between the electric displacement vector and polarization vector is,

(@) P=g,E+D (b) D=g,E+P (c) D=E+¢,P (d) ,D=E+P

2.17 The relationship between electric susceptibility and dielectric constant of the dielectric medium
is

(@) k=1-y (b) k=1+ y © k=yz-1 (d)%:;(_1
2.18 The relationship between electric susceptibility of the dielectric medium and atomic
polarizability is,
(@) k=1+—— (b) k=1+—— (© k=1+2% (d) k=1+22
ne, as, & o

2.19 In vacuum electric susceptibility is
(a)>1 o (c)<1 (d) negative

2.20 Orientational polarizability is related to orientational dipole moment as

2 2 2 2
_ Po b _ Po _ Po d _ 3py
@ a, =7 ®) @, =7 © @ =37 @ a, ==7

2.21 Relationship between dielectric constant and atomic radius is

3
dra

@) k=1+4znd’® (b) k =1+ 4xna? (c) k=1- (d) k=1-4rd’

2.22 The dielectric constant of the medium is the ratio of the
(a) net electric field £’ and the applied electric field £ within the dielectric
(b) applied electric field E and the net electric field £’ within the dielectric

(c) difference of applied electric field E and the net electric field E’ within the dielectric

(d) none of these
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2.23 The electric displacement vector in vacuum is given by,

(a) D=¢E (b) D=s,P (¢) D=, @ =L
&
Answers of Multiple Choice Questions
2.1 (b), 2.2 (d), 2.3 (b), 2.4 (a), 2.5 (c), 2.6 (b), 2.7 (b), 2.8 (d), 2.9 (c), 2.10 (c), 2.11 (a), 2.12 (a),
2.13 (c), 2.14 (d), 2.15 (a), 2.16 (b), 2.17 (b), 2.18 (c), 2.19 (d), 2.20 (c), 2.21 (a), 2.22 (b), 2.23 (c)

Short and Long Answer Type Questions

Category |
2.1  Explain the flux density, field intensity and polarization of a dielectric medium.
2.2 Rewrite the differential form of Coulomb’s law in terms of displacement vector.

2.3 Give an idea we get from electronic polarizibility. How can you polarize the monoatomic
gases?

2.4  Explain the term atomic polarizability. Show the interrelation between polarization and atomic
polarizability.

2.5  Show the relation between electronic polarizability to the volume of the atom.

2.6  What is the use of getting idea of dielectric polarizability?

2.7  Mention the important characteristics of dielectric materials.

2.8  Explain electric displacement vector.

2.9 Mention the considerations required to showk=1+y,, where k and y,are the dielectric
constant and dielectric susceptibility of the medium respectively.

2.10 “Anisotropic dielectric medium displacement vector is given by D = ¢, E + P, where P is the
polarization vector”. Define the terms in the expression.

2.11 Explain the role of polarization in a dielectric medium.

2.12 Discuss the role of the Gauss’ law in dielectrics.

2.13 Dielectric constant related to electrical susceptibility. Establish the relation.

2.14 Explain how the concept of polarization has got so importance.

2.15 Differentiate between polar and non-polar dielectric.

2.16 Orientational polarizability can be expressed by using a standard relation as given below

2

a, = kaT Identify the different notations in the expression.

o

2.17 One can express k=1 e
&

where the symbols have their usual significance. Mention the

>

terms in the expression.

2.18 Find the utility of Clausius-Mossotti equation.
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2.19
2.20
2.21
2.22

2.23

2.24

Obtain the differences between polar and non-polar molecules.
Explain the use of electronic polarizability of non-polar dielectric gases.
Discuss critically about the electric breakdown of a dielectric material.

In the expression, y, =&, —1 define the different symbols used.

Explain polarization in monatomic gases? Show the relation between electronic polarizability
and volume of the atom.

Classify the terms: a) dielectric strength, b) dielectric absorption, and ¢) dipole moment.

Category Il

2.25 “When a dielectric is placed in an electric field, the field within the dielectric becomes weaker

2.26

2.27
2.28
2.29
2.30
231
2.32

than the original field”. Why?

“When a dielectric is placed in an electric field, the field within the dielectric becomes
weaker/stronger than the original field”. Choose the correct statement and justify.

Explain dielectric loss and find the reasons for this loss.

“The dielectric constant of He at NTP is 1.0000684”. What do you mean by this statement?
Find the roles of flux and flux density in the electric displacement.

Mention the need of artificial dielectric.

Can an isolated atom have a permanent electric dipole moment? Why?

Explain how is the capacity of a capacitor increased when a dielectric is inserted between the
plates of the capacitor.

Numerical Problems

2.1

2.2

23

24

2.5

2.6

An air capacitor is given a charge of 60 uC raising its potential to 200 V. If on inserting a
dielectric medium its potential falls to 50 V, what is the dielectric constant of the medium?

[Ans: 4]
Calculate the polarizability of a gas if its susceptibility is 10~. Given the density and molecular
weight of the gas are 2 kg/m’ and 43.98. [Ans: 3.23x 10°" Fm?]

If the dielectric constant of a gas at NTP is 1.000456, find its electric susceptibility.
[Ans: 4.56x 107

The polarizability of an inert gas is 1.5x 10™*" Fm® Calculate its dielectric constant of the atom
if the gas contains 2 X 10% atoms/m”. [Ans: 1.00034]

The dielectric constant of a gas at NTP is 1.006. Calculate the electronic polarisability of the
atoms if the gas contains 4 x 10% atoms/m’. [Ans: 1.33x 10 Fm?]

A parallel plate capacitor of area 0.0005 m” and a plate separation of 5 mm has a charge of 0.5
nC it when a voltage of 50 V is applied between the plates. Calculate the dielectric constant of
the material used.
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2.7  The dielectric constant of helium measured at 0 °C and 1 atmosphere is 1.0000684. Under these
conditions, the gas contains 2.7 x 10> atoms/m’. Calculate the radius of electron cloud (atomic
radius) and the displacement x when the helium atom is subjected to a field of 10® V/m.

[Ans: 2.72x 10" m, 0.7x 10** m]
2.8 Calculate the induced dipole moment per unit volume of He gas if it is placed in an electric field

of 6000 Vem . Given, the atomic polarizability of He is 0-18x 10™* Fm® and the density of He
is 2:6x 10 * atoms/ m’. [Ans: 2.81x 10"° C/m?]

2.9 Assuming that the electric polarizibility of an Argon atom is 1-43x 10™*" F.m’, find the
dielectric constant of solid Argon. Given density of Argon is 1-8 g.cm > and atomic mass of
Argon is 39-95 g.mol . [Ans: 1.000436]

2.10 If the diameter of an argon atom is 3.84 x 10" m, find its polarizability at STP. Given dielectric
constant of argon is = 1.00044.

PRACTICAL

Determination of dielectric constant of a given dielectric material

Apparatus
Digital voltmeter, Glass medium, Gold-plated disc, CRO, Audio oscillator

Theory

The oscillator for the audio part is placed within the instrument properly. If Csc and Cpc represent the
capacitances of the standard capacitor and dielectric cell respectively and if Vsc and Vpe are the
voltages across SC and DC then

Ve .1
I wCy.
or, I=wCy Vs ()
The same current passes through the dielectric cell i.e.,
VDC _ 1
I oC,.
I
or, CDC =
Ve
— a)CSC I/SC
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v
or, Cpe =[ ¢ ]CSC (i)
VDC

Now the capacitance of standard parallel plate capacitor with air as dielectric between the plates is
given by,

x10°F

36d
7"2
= nF iii
36d (&)
Here, r is the radius of the capacitor plate and d is the separation between the plates (in m).

Also we can express the dielectric constant of the material in the following way

g =Soc (iv)

N
Audio oscillator e

Fig. (i) Fig. (ii)
Procedure

1. Measure the diameter and hence radius of the plates of the standard capacitor, which will give you
radius r.

2. Measure the thickness of the dielectric slab. This will give you d.
3. Put the material whose dielectric constant is to be measured in the dielectric cell.
4. Connect the standard capacitor, dielectric cell and the resistance in series with the oscillator.

5. Turn on the oscillator, set a frequency and an input voltage. Note down the voltage across the
standard capacitor and the dielectric cell.

6. Change the input voltage to few other values, note down the voltage across the standard capacitor
and the dielectric cell. Draw a curve of Vsc vs. Vpc.
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7. Change the input frequency, repeat step 5.

8. Vsc may be plotted against V'pc and the slope may be used to calculate Cpc.

Experimental Data

Table 1: Thickness of the Dielectric Block

No. of Tinear Tg'ii:::; srs Mean Thickness d
Obs. Total d (incm) (inm)
scale scale

Table 2: Diameter of the standard Capacitor

No. of Obs Diameter Mean diameter D r=D/2
' ' M.S.R V.SR Total (in cm) (meter)

Table 3: Voltage across Cpc and Csc

Given CSC N
Input Voltage across
Frequency Input Voltage = Mean Cpc
(V) Che Csc (Vsc/Voc) Csc (PF)
(Hz)
Calculation
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Precautions

1. Dielectric samples like glass/PZT are brittle and may be damaged if not properly placed between
the discs. So, special care should be taken during the placement of such dielectric samples.

2. Don’t put a sample in between the gold plated discs having diameter lesser than the discs.

KNOW MORE

Dielectric material is an electrical insulator that can be polarized by an applied electric field. If a dielectric
material is kept in an electric field, electric charges do not flow through the material as they do in
an electrical conductor but slightly shift from their mean equilibrium positions causing dielectric
polarization.

Activity

A dielectric resonator oscillator is an electronic device to produce resonance of the polarization response
for a narrow range of frequencies, generally in the microwave band. It consists of a "puck" of ceramic
having a large dielectric constant and a low dissipation factor.

This type of resonator is frequently used to provide a frequency reference in an oscillator circuit. An
unshielded dielectric resonator can be used as a dielectric resonator antenna for electronics and
communication engineering.

Interesting facts
There are notable interesting areas covered under the dielectric materials including dielectric sphere in an
electric field. Details can be found from the following:
1. Dielectric Sphere in an Electric Field
2. DolTPoMS Teaching and Learning Package "Dielectric Materials"
3. Texts on Wikisource:
a. "Dielectric”. Encyclopedia Americana. 1920.
b. "Dielectric". Encyclopcedia Britannica (11th ed.). 1911.

Analogy

The Army Research Laboratory (ARL) conducted research on thin film technology from 2002 to 2004.
Barium strontium titanate, a ferroelectric thin film, was used to investigate for the fabrication of radio
frequency and microwave components, for voltage-controlled oscillators, tunable filters and phase shifters.

The study was part of an effort to provide the Army with highly-tunable microwave-compatible
materials for broadband electric-field tunable devices that operate consistently in extreme
temperatures. This work improved tunability of bulk barium strontium titanate, a thin film enabler for
electronics components.

ARL in 2004 explored how low concentration of acceptor dopants can modify the properties of
ferroelectric materials.
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Histrory

In late eighteenth century, scientists developed highly sensitive instruments to detect "electrification," The
phenomenon of electrification by contact, known as contact electrification or contact tension was
discovered. When two objects were touched together, sometimes they became spontaneously charged one
developed a net negative charge and the other an equal and opposite positive charge.

Timelines

1750 - 1774: With famous kite experiment, Benjamin Franklin advances knowledge of electricity, inspiring
his English friend Joseph Priestley for studying in the same field.

1800 - 1819: Alessandro Volta invented the first primitive battery, discovering that electricity can be
generated through chemical processes; scientists soon seize on the new tool to invent electric lighting.
Further, a profound insight into the relationship between electricity and magnetism goes largely unnoticed.

1840 - 1849: The legendary Faraday with his prolific research largely contributed and the telegraph
reaches a milestone when a message is sent between Washington, DC, and Baltimore, MD.

1850-1869: The Industrial Revolution is in full force, Gramme invented his dynamo and James Clerk
Maxwell formulated his series of equations on electrodynamics.

1870-1879: The telephone and first practical incandescent light bulb were invented while the word
"electron" enters the scientific lexicon.

1880-1889: Nikola Tesla and Thomas Edison developed the way to transmit electricity and Heinrich Hertz
was the first person to broadcast and receive radio waves.

1890-1899: Scientists discovered X-rays and radioactivity, while inventors competed to build the first
radio.

1900-1909: Albert Einstein published his special theory of relativity and his theory on the quantum nature
of light, which he identified as both a particle and a wave. With ever new appliances, electricity begins to
transform everyday life.

1910-1929: Understanding of the structure of the atom and of its component particles developed, the phone
and radio become common and the modern television was born.

1930-1939: New tools like special microscopes and the cyclotron researched to higher levels, while average
citizens enjoyed novel amenities like the FM radio.

1940-1959: Defense-related research leads to the computer, the world entered the atomic age and TV
conquers America.

1960-1979: Computers evolved into PCs, researchers discovered one new subatomic particle after another
and the space age gave science a new context.

1980-2003: Scientists explored new energy sources, the World Wide Web produced a vast network and
nanotechnology started its journey.

Applications (Real Life / Industrial)

Based on different properties like insulation, permittivity, temperature dependency, dielectric strength, and
dielectric material are used as various industrial materials for manufacturing electrical devices. Most
common and largely uses of these materials are in power transformer, capacitor, cables, spark generators,
transducers etc.
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Case Study (Environmental / Sustainability / Social / Ethical Issues)

Dielectric materials can be solids, liquids or gases. Solid dielectrics are the most commonly used dielectrics
in electrical and electronics engineering. Many solids like porcelain, glass plastics are very good quality
insulators. Air, nitrogen and sulfur hexafluoride are the three most commonly used gaseous dielectrics. It is
important to note that industrial coatings such as Parylene can give a dielectric barrier between the
substrate and its environment. Mineral oil is largely used inside electrical transformers as a fluid dielectric
and to assist in cooling.

Dielectric fluids with higher dielectric constants, like electrical grade castor oil, are often used in high
voltage capacitors to help prevent corona discharge and increase capacitance. As dielectrics resist the flow
of electricity, the surface of a dielectric may retain stranded excess electrical charges which may occur
when the dielectric is rubbed, the tribo-electric effect. This can be useful as in a Van de Graaff
generator or electrophorus or it can be potentially destructive as in the case of electrostatic discharge.

Inquisitiveness and Curiosity Topics

Specially processed dielectrics, known as electrets may retain excess internal charge or "frozen in"
polarization. Electrets have a semi-permanent electric field and are the electrostatic equivalent to magnets.
Electrets have many practical applications in the home and industry.

Some dielectrics can generate a potential difference owing to mechanical stress or change of the
physical shape when an external voltage is applied across the material which is known as piezoelectricity
property. Some ionic crystals and polymer dielectrics show a spontaneous dipole moment that can be
reversed by an externally applied electric field. This behavior is termed as the ferroelectric effect. These
materials are analogous to the ferromagnetic materials and have very high dielectric constants, making
useful for capacitors.
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3 Magnetostatics

UNIT SPECIFICS

The following topics are considered in this unit:

Electric current, drift velocity, current density;

Continuity equation;

Lorentz force and force on a small current element placed in a magnetic field;
Divergence of magnetic field,

Magnetic scalar potential;

Magnetic vector potential;

Application of Biot-Savart’s law to solve magnetostatic problems;
Application of Ampere’s circuital law to solve magnetostatic problems.

The practical applications of the topics are discussed for generating further curiosity and
creativity as well as improving problem solving capacity.

Besides giving a large number of multiple choice questions as well as questions of short and
long answer types marked in two categories following lower and higher order of Bloom’s
taxonomy, assignments through a number of numerical problems, a list of references and
suggested readings are given in the unit so that one can go through them for practice. It is
important to note that for getting more information on various topics of interest some QR codes
have been provided in different sections which can be scanned for relevant supportive
knowledge.

After the related practical, based on the content, there is a “Know More” section. This section
has been judiciously designed so that the supplementary information provided in this part
becomes beneficial for the users of the book. This section mainly highlights the initial activity,
examples of some interesting facts, analogy, history of the development of the subject focusing
the salient observations and finding, timelines starting from the development of the concerned
topics up to the recent time, applications of the subject matter for our day-to-day real life or/and
industrial applications on variety of aspects, case study related to environmental, sustainability,
social and ethical issues whichever applicable, and finally inquisitiveness and curiosity topics of
the unit.
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RATIONALE

This fundamental unit on magnetostatics will help students to get a primary idea about the electric
current, drift velocity, current density and then on the basis of this knowledge they will be able to
understand the continuity equation and Lorentz force as well as force on a small current element
when placed in a magnetic field. Some other basic ideas like divergence of magnetic field,
magnetic vector and scalar potential will also be gathered in addition to applications of some
primary laws like Biot-Savart’s law, Ampere’s circuital law useful for solving many
magnetostatic problems.

In contrast to electrostatics that essentially deals with static electric charges magnetostatics
considers stationary electric currents popularly known as Amperian approach. Oersted in 1820
made a remarkable discovery showing the relationship between electric and magnetic fields
wherein it was pointed out that the moving charges are surrounded by a magnetic field. As a
matter of fact, always the current carrying conductor is surrounded by a magnetic field. When a
steady or time invariant current passes through a conductor, a steady magnetic field is developed
surrounding the conductor. The concerned steady current so developed is nothing but a direct
current (DC).

PRE-REQUISITES

Mathematics: Vector Calculus (Class XII)
Physics: Electromagnetism (Class XII)

UNIT OUTCOMES

List of outcomes of this unit is as follows:

U3-O1: Describe electric current, drift velocity, current density

U3-02: Explain continuity equation

U3-03: Explain Lorentz force and force on a small current element placed in a magnetic field

U3-0O4: Describe divergence of magnetic field and magnetic vector and scalar potential

U3-05: Apply Biot-Savart’s law, Ampere’s circuital law to solve magnetostatic problems

Unit-3 EXPECTED MAPPING WITH COURSE OUTCOMES
Outcomes (1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation)
CO-1 CO-2 CO-3 CO-4 CO-5 CO-6
U3-01 3 1 - 1 - -
U3-02 1 2 - 1 - 1
U3-03 2 1 - - - -
U3-04 1 2 - 1 1 1
U3-05 1 1 - 1 - 1
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3.1 INTRODUCTION

Experiments show that the origin of magnetostatic field is steady electric current. Actually the
magnetic field produced by a permanent magnet can also be explained representing it by a current
distribution and thus the magnetic effect of steady electric current develops the study of
magnetostatics. Moving charges i.e., the flow of electric current can develop a steady magnetic field
as the static charges can develop a steady electric field. The magnitude and direction of the produced
magnetic field can be determined with the help of Biot-Savart’s law or Ampere’s circuital law. In this
unit we will discuss some important laws of magnetism and subsequent applications in detail.

3.2 CURRENT AND CURRENT DENSITY

The amount of electric charge flowing per unit time through a particular section of a conductor may be
referred as the electric current flowing through that section of the conductor. To formulate it let us
consider charges in uniform motion through a particular section of a conductor. Now as the electric
current is the rate at which charges can flow through that particular section of the conductor, it may be

defined as, =4 (3.1)
t

where ¢ is the amount of charge flowing in time ¢ through that particular section of the conductor. For
infinitesimal charge distribution, the current may be expressed as,

[=tim 29 %4 (3:2)
At—0 At dt
The SI unit of electric current is ampere (A).

The amount of electric current flowing through unit area of a conductor is called the current
density and may be expressed as,
1
J== (3.3)
S
where S is the cross-sectional area of the conductor.
For infinitesimal charge distribution, the current density may be expressed as,
J = lim AL_dr
AS—>0AS  dS

This is a vector quantity and its SI unit is A/m’.

(3.4)

Using Eq. (3.4) the total current flowing through the entire surface S of the conductor may be
expressed as, 1= j dl =I JdsS 3.9
s

This represents another way to define current through a particular section of the conductor, if the
current density is known to us.

3.3 ELECTRICAL CONDUCTIVITY

Electrical conductivity is the ability of a current carrying conductor to carry electric current.
Physically it can be defined as the current density per unit electric field.
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A A’ To calculate an expression for it, let us consider a current carrying
( s @ conductor AA’ of cross sectional area S (Fig. 3.1). If due to an applied
electric field F, v be the drift velocity of the charge carriers then the

v number of carriers within the chosen section of the conductor will be,

Fig. 3.1: Drift of electron  n vS (where nyis the number of carriers per unit volume). Thus, the total

through a conductor

charge contained in the cylindrical section A4’ of the conductor is n,evS.

As this charge crosses A4’ per second, the electric current flowing through the conductor will be,

I =nyev§

Thus the current density i.e., the current through unit cross sectional area will be,

Jzéznoev 3.7

Now, the mobility of the carrier i.e., the average drift velocity per unit electric
v
field is =—
a F

So, v=uF (3.8)

Thus, using Eq. (3.8) in Eq. (3.7) we get current density
J=nyeul (3.9)
Now, the electrical conductivity is the current density per unit electric field. Thus,
from Eq. (3.9) the electrical conductivity can be expressed as,

a—i—n eu
g o

The ST unit of electrical conductivity is S/m.

3.4 CONTINUITY EQUATION

(3.6)

for more on
electrical
conductivity

(3.10)

A continuity equation, alternatively known as the transport equation is actually an equation which
describes the transport of some physical quantity. It can be very significantly applied to a conserved
quantity. Here, we will establish a relationship between charge density and current density at a point
which will effectively express the charge conservation principles. To derive such an equation let us
start from the definition of electric current. As we know from our previous discussion using Eq. 3.2

that the current through an arbitrary surface is given by,

zzjdlzjjdE:jiﬁds
S S

where 7 is the unit normal through the arbitrary surface S.

Thus the current entering a volume ¥ bounded by S is given by,

I :-j?.ﬁds
S

The negative sign implies that the current is inward and not outward through S.

(3.11)

(3.12)
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Now using divergence theorem in vector calculus we have from Eq. (3.12),

1=—jj.ﬁdsz—ﬁjdlf (3.13)

This current will increase the total charge contained in the given volume } and the rate of increase of
charge in the volume may be represented from Eq. (3.2) as,

dqd
dt

= Ip 4 (3.14)

where p is the associated volume charge density.

Hence, comparing Egs. (3.13) and (3.14) we may write,

- J. V.Jdv = % J. pdV = J. %—/; dV [ p is a function of position coordinates only]
4 v 4

or, I VJ+6’0 dv =0
? Ot

The integrand of the above equation must be zero as it holds good for any arbitrary volume element V.
Thus,

vi+22 (3.15)
o

This is known as the continuity equation relating charge density and current density at a point. It
signifies that the increase of charge at a point in a given volume of a conductor is due to the inward
flow of charge in it and vice-versa and thus expresses the principle of conservation of charge in
differential form.

3.5 STEADY CURRENT

Steady current means a constant current which is independent of time. When a conductor is carrying a

op
steady current 6_ =0 and hence the continuity equation becomes,
t

V.J=0 (3.16)
This equation gives the condition of steady electric current through a conductor.
Using J = o E from Eq. (3.16) we get,
V.E=0
Now, using E= —§¢ (where ¢ is the electrostatic potential) we have,
V=0 (3.17)

which is the Laplace’s equation. So, Laplace’s equation must be satisfied to maintain steady electric
current through a conductor.
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3.6 LORENTZ FORCE

The Lorentz force on a point charge is the sum of electric and magnetic force acting on it when placed
in an electromagnetic field. The expression for the force experienced by a charge ¢ moving with

velocity v in the presence of both the electric field E and magnetic field B is given by,
F=q(E+vxB) (3.18)

where Fe = qE’ is the electric Lorentz force and F—m = q; x Bis the magnetic Lorentz force.

Eq. (3.18) effectively gives the total Lorentz force experienced by the charge particle in presence
of electric and magnetic fields.

Example 3.1 A 1 uC charge is moving with VGlOCity(Z}' +3 ]2) m/s in a magnetic
field ( 27+3 ]2) Whb/m’. Find the force acting on the charge.

Solution

Given, charge g =1 pC, Velocity;/ = (2} + 3IAC) m/s and

magnetic field B = (2}' + 31%) Wh/nt.

Thus, force on the charge will be obtained as,

F=q;x§=1x10_6x(2}'+3/€)x(2}'+3i€)=0.

i
o4
25)
=
o
=
>
B

Example 3.2 A test charge having charge 0.4 C is moving with a velocity
42—}'—2/% m/s through an electric field of intensity 10i + 10k and a magnetic
field of induction 22—6}'—6/%. Determine the magnitude and direction of the
Lorentz force acting on the test charge.

Solution

The expression for the Lorentz force is, F= q(E +VX E)

Here E=10i+10k, v=4i— j+2kand B=2i—6] — 6k
T

So, vxB=l4 -1  2|=18i+287-22%k
2 -6 -6

and thus F=q(E +vxB)=0.4x (10 + 10k + 18i + 28 — 22k)

=11.2i+11.2) —4.8k.

EXAMPLE 3.2

So, magnitude of experienced Lorentz force is \ﬂ =J11.22 +11.22 + 4.8 =16.6unit.
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3.7 BIOT-SAVART LAW

The Biot-Savart law gives a mathematical formulation to calculate the generated magnetic field due to
a constant electric current flowing across a conductor. To find a generalized expression of magnetic
field at a fixed point in space, let us consider a current carrying conductor carrying current / situated at
a distance » from that point P (Fig. 3.2). Now, due to the flow of current, the developed magnetic field
(dB) surrounding the point for an elemental length (d/) of the conductor is found to be proportional to
the current (/) flowing, proportional to the elemental length (d/) of the conductor, proportional to the
sine of the angle between the conductor and the point of observation and is inversely proportional to
the square of the distance between the conductor and the point of observation. Therefore,

dB oc [
oc dl P
oc sin @
1 5 !
r /
_ My Idl sin @
or, dB = a2 Fig. 3.2: lllustration of
) ) Biot-Savart’s law
g5 - to Txdl (.19)
4r  4?

where, y, is the free space permittivity and & is the angle made by the elemental length of the
conductor at P.

Now, using the definition of current density we may write,

Idl = JSdl = JdV (3.20)

= Ho Idl" Ho JdV"
= FrV=———"7"r

Thus, dB= 3.21
Ly 4r 43 (3.21)

Hence, according to Biot-Savart’s law the total magnetic field at P due to the entire current
carrying conductor may be obtained by integrating Eq. (3.21) as,

:47Z'lr3 _472'

5=t (1}

o | SV (3.22)

3
v r

Eq. (3.22) is very useful to determine the magnitude of the magnetic field developed at a fixed
distance from a current carrying conductor. In the following section we will discuss a few such
applications of the Biot-Savart’s law in detail.

3.7.1 Applications

i) Magnetic field due to a long straight current carrying conductor: Biot-Savart’s law can be
applied to find out the magnetic field at a point due to a long straight current carrying conductor. Let
XY be a current carrying conductor, carrying current /. We have to calculate the magnetic field due to
it at P at a distance D from it (Fig. 3.3).
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Now, the magnetic field at P due to the elemental length dl, of the wire can be obtained by using
Biot-Savart’s law as,

1
dB = Z‘—O%sm (% + 9} (3.23)
n
From the geometry of Fig. 3.3 we get, X
_b dh |
tan @ = D s, |
/ A0 D
and secl =— b——p—°
b /
Thus, ly=Dtan@and [ = Dsecd (3.24)
Therefore, dly = Dsec® 0d0 (3.25) v
Hence using Eq. (3.23) we get, Fig. 3.3: Long straight
2 current carrying conductor
g - Mo IDsec” 0d0 sin(ﬁ N 0)
4z D*sec’ 0 2
1
or, dB = 4%13 cos 0d0 (3.26)
va
Therefore the total field at P due to the entire current carrying conductor will be,
1% I
B=F" { cos0d0 =2 (sin g, +sin ) (3.27)
4z D 4D

1

For an infinitely long wire, 6, =6, = % and thus using Eq. (3.27) the magnetic field will be,

_ Mol
2xD
This gives the magnetic field at a distance D due to an infinitely long straight conductor carrying

current /. It is clear from Eq. (3.28) that the magnetic field is directly proportional to / and is inversely
proportional to D.

(3.28)

Example 3.3 Find the magnetic field at a distance of lcm from a long thin wire,
carrying a current of 1A.

Solution

Here,/=1Aand D=1cm=0.01 m.

So, using Biot-Savart’s law the magnetic field at the desired point will be

ol 4zx107 x1
2D 272%x0.01

EXAMPLE 3.3

B =2x107T.
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Example 3.4 Find the magnetic field at the centre of ¢ R
a current carrying conductor, in the form of a square
loop of side 0.2 m, carrying 1A current. Al

Solution

Using Biot-Savart’s law as given by Eq. (3.27) the
magnetic field at O is given by,

B= Hol
4rxD

(sin 6, +sin G, )

Here 6 =0,=45,D=02m,I=1A.

~7
A0 XL 2 107 Wh/m?,

47x0.1 2

A
o3
#5)
=
a
=
>
2

Example 3.5 A proton moves with a velocity 0-6 c parallel to a current 1 A at a
distance of 10 cm from the straight current carrying conductor. What is the
magnetic force on the proton?

Solution
Here, /= 1Aand D=10cm= 0.1 m.
The magnetic field due to the current / can be obtained by using Eq. (3.28) as
g Mol _ 4z x107 x1
2D 27z x0.1
The direction of B can be given by Maxwell’s screw rule.

=2x10"° Wb/m?.

The magnetic force acting on the proton is
F=qvB [as v is perpendicular to B]

Here v=0-6c= 0.6x3x10%m/s.

So magnitude of the force is
F=(1.6x10")x(0.6x3x10*)x(2x10°)=5.78N.

and the direction of the force is towards the wire i.e. attractive in nature.

EXAMPLE 3.5

Example 3.6 Two parallel wires carry equal current of 10 A along with the same
direction and are separated by a distance of 2:0 cm. Find the magnetic field at a
point which is 2 cm away from any of these wires.

Solution

As the directions of the current through the two wires are same so we have to add
magnetic fields created by two wires.

Mol
27D

EXAMPLE 3.6

Using the formula B = we have the resultant magnetic field at a distance
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Mol i Mol
27 x0.02 27x0.04

Ml |1 . 1
27 [0.02 0.04

3l _3x4zx107" x10
87 87

2 cm from a wire is B =

EXAMPLE 3.6

x10% =1.5x107*T.

ii) Magnetic field on the axis of a circular conductor
carrying current: To calculate the magnetic field due a
circular conductor of radius a in the form of a loop and
carrying a current /, let us consider the elemental length d/, of
the loop as shown in Fig. 3.4. Now, the magnetic field at point
P due to this elemental length d/, of the loop can be obtained
by using Biot-Savart’s law as,

dEZ ,UOI d_[O X_[ _ ,UOI%

(3.29) !

ar P dr |? Fig. 3.4: Circular current
carrying conductor

[as the angle between dlyand / is % ]

This will be acting along PT with the vertical component PV along the axis of the loop and the
horizontal component PH perpendicular to the axis of the loop (Fig. 3.4). Due to symmetry PH
components will cancel each other and only the components along the axis will contribute. Therefore,
the net magnetic field at P due to d/, will be,

Hola
YVIN

dBsin ZHPT = dB% = dl, (3.30)
Thus the magnetic field due to the entire loop is,

B

I I la* la*

= *o fjdz ] N (3.31)
4l 4l 21 2(z" +a”)

For a loop having » turns Eq. (3.31) can be generalized as,

uonla*

= (3.32)
2(22 + a2 )3/2

Now, the magnetic field at the centre of the loop can be obtained by putting z =0 in Eq. (3.32) and
is given by,

I
B, =" (3.33)
2a

So, along the axis of the loop the magnetic field increases as the current flowing in the loop increases
and it decreases as the radius of the loop increases.
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Example 3.7 Calculate the magnetic field at the center of a circular current
carrying loop of radius 10 cm. Given that the current flowing through the loop is 2
A.

Solution

Using Biot-Savart’s law the magnetic field at any axial point due to a circular
current carrying conductor can be written as,

B Hy 2nr?l I
4” (FZ +x2)3/2
At the centre of the coil, x = 0.
So, Bt 2T _ Mo 2.

dr r 2r
Heren=1,I=2Aandr=10cm=0.01 m.
So, using the given data we have,
B:4;z><10*7 x1x2 _
2x0.01

~
o3
#5)
=
a
=
>
2

47 %107 Wb/m?.

Example 3.8 A current carrying coil having 50 turns carries a current of 0.1 A. If
the radius of the coil is 4 cm, calculate the magnetic field due to it at a distance of
5 cm on the axis.

Solution
For a loop having n turns we have,

_ y0n1a2
Here,n =50,/=0.1 A,a=4cmandz =5 cm.
uonla® _ 47 x107 x50x0.1x(0.04)

_ _ =3.14T.
2(z% +a*)? 2 (0.05)° +(o.o4)2f/2

EXAMPLE 3.8

Example 3.9 A steel rod of radius 1 cm is bent to form a circular loop and wound
with a coil having 200 turns. If the mean radius of the loop is 10 cm, calculate the
amount of current that will produce a flux of 0.5 mWb in the core. Given that for
steel z =1000.

Solution
When the steel rod is bend to form a circular loop it will form a toroid. Now, using
Biot-Savart’s law the magnetic field at the centre of the core of the toroid is,

gt

2rr

EXAMPLE 3.9



100 | Physics - Introduction to Electromagnetic Theory

Here 4. =1000, » =10x10mand n =200.

Again the flux produced at the core of the solenoid is,

7R*B=0.5mWb=0.5x10"Wb

Given, the radius of the rod R =1cm =1x10"m.

I
05x107> ="

R? =

2r

2x0.5%10

or,

EXAMPLE 3.9

1000 x 200 x 107
which gives the amount of current that will produce a flux of 0.5 mWb in the core.

2
1000 x 200 ><2I ><(l><1072)
2x10%x10™

=0.5pA

iii) Axial magnetic field of a solenoid: Let, L is the length of a solenoid having » number of turns.
Also let a be the radius of the solenoid which is carrying the current / [Fig. 3.5].

d—dz—b

l—0 —

Fig. 3.5: Long solenoid

To calculate the magnetic field at any point P on its axis, let us consider an elemental segment of

thickness dz. Number of turns in this segment will be (%) dz .

Therefore using Eq. (3.32) we may write the expression for magnetic field at point P due to the
current flowing through the elemental segment of thickness dz of the solenoid as,

Mo nla’ dz

5 312
2L|:(ZO - Z) + a2:|

dB =

Now from Fig. 3.5 we have, tan = a
ZO —Zz
or, dz = acosec’*0do
Again sinf = a

[(Zo _ 2)2 b }1/2

(3.34)

(3.35)

(3.36)



Thus using Egs. (3.35) and (3.36) in Eq. (3.34) we get,
_ Honlsin0d 0
2L

Therefore total magnetic field at P due to the whole solenoid will be,

dB

-0,
p=HL I sin 0d0
2L )

= #20—21(00501 +cos6,)

If P is the midpoint of the solenoid then 6, =6, =6 .

I
Therefore, B,,;, = #oL” cosd

For an infinitely large solenoid 8 — 0 and cos8 — 1

_ Mol

Therefore, By, 7

Example 3.10 A long solenoid of length 0.6 m and diameter of 0.4 m is carrying 5
mA of current. If the number of turns is 1000, calculate the magnetic field at the

middle of the solenoid.
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(3.37)

(3.38)

(3.39)

(3.40)

Solution ~

7
We have P L
2L

(cos 6, +cos b, )

At midpoint of the solenoid 6, =0, =6 .

l—— oy —

il
Therefore, B = ,uOLn cos

_ ponl L/2

L \Ja* +(L/2)

_ Mgl 1

2 Ja®+(L/2)

Here length of the solenoid L = 0.6 m and diameter of the solenoid 2a = 0.4 m.

47 %107 ><w><5><10_3
B = 0.6
mid 2

=1.45x10"° Wb/m>.

\/(0.2)2 +(0.6/2)>

=
=
o4
25)
=
a
=
>
2
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Example 3.11 A long solenoid of 40 cm length has 300 turns. If the solenoid
carries a 3-5 A current, find the magnetic field at one end of the solenoid.

Solution
Here, n =300/0.4 = 750 turns/m and = 3.5 A.

So, magnetic field at any point on the axis of the solenoid is

B = unl =47x107 x750%3.5

=33x107T.
i
; Thus, magnetic field at one end of the solenoid will be
- _ponl 4z x107 x750x3.5
~ B= =
;EE 2 2
= =1.65x107T.

iv) Magnetic field due to a hexagonal current carrying conductor at
its center: Let us consider a hexagonal current carrying conductor
having side length x, carrying current /. Now, the magnetic field at its
center O due to the side PQ can be obtained by using Eq. (3.27) as,

Mol
2zD

I
B, =" (sin +sin@) =
4D

sin (3.41)

So, total magnetic field at O due to the whole conductor will be,

3ul

B=6B, = sin 4 (3.42) Fig. 3.6: Hexagonal loop
zD
Again from Fig. 3.6,
tan 0 = X
2D
1 X
or, —=—""(here, =30°
5w )
\/gx for 3D magneto
or, D= 5 static field
simulation
61, 1
Thus, p=tol

_7r\/§x2

_ \/§ﬂ01

/0

(3.43)

which gives the desired magnetic field at the center of the hexagonal loop in terms of the current
flowing in the loop and its side length.
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Example 3.12 A conducting wire in the shape of an equilateral triangle of side a
carries a current /. Calculate the magnetic field at its centroid.

Solution

In the figure if O be the centroid of the p

equilateral triangle with side a then

a
ON=r=—+
23
Now, the magnetic field at the point O due
to the segment QR will be, < N R

M I . /3
427 [sm 49]7”/3

As the lengths are equal so magnetic field at the point O due to three current
carrying wires (PQ, QR and PR) are

i 1 1 i
B=32l (gl 3 HL ognT_3 Ml p oMl S
4y =l 4r_° 3 4r_° 2ra 3
243 243 =
Oyl =
So, the required magnetic field at the point O is B = 2,u_0 E
za

3.8 CURRENT CARRYING CONDUCTOR

When a current carrying conductor is kept in a magnetic field, it experiences a force. Ampere first
demonstrated this effect of experiencing a force by a current carrying wire while placed in a magnetic
field. When a current is established in the conductor, it gets displaced. In this way, one can verify the
existence of a force on the conductor.

The direction of this force developed can be determined by
using the Fleming’s left-hand rule. When the magnetic field
acts along the perpendicular direction of the current flowing,
the force acting on the conductor should be perpendicular to
both the magnetic field and the current. Let us examine it
critically.

To determine the expression for such a force, we consider a
current carrying conductor AB carrying current / [Fig. 3.7]
anywhere in space. The magnetic field at P due to an elemental

length dl of the conductor will be given by using Biot-Savart’s
law as, Fig. 3.7: Force on a current
carrying conductor

_ My Idl sin @
4 r2

So, the force exerted on a magnetic pole strength m situated at P will be,

dB
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Mo mldl sin @

dF =mdB = >

3.44
4z v ( )

The magnetic pole will also exert the same force on d/. Now, the magnetic field at a distance » due
to a magnetic pole of pole strength m is,

m
B= i‘—;r—z (3.45)
Therefore, dF = Bldlsin (3.46) (a)
or, in vector form we may write
dF =1dI x B (3.46) (b)

So, the force acting on the conductor is found to be perpendicular to both the magnetic field and the
current flowing in the conductor.

3.9 MOVING CHARGE IN A MAGNETIC FIELD

When some magnetic forceis applied on a current carrying conductor, it effectively forces
a charged particle to move along a circular path or along a spiral. We know the force on a current
carrying conductor of length d/ carrying current / in a magnetic field B is,

dF = Bldl sin 0
Now, I =nedv

where, A is the area of cross section of the conductor, e is the charge of a carrier, v is the drift velocity
of carrier and # is the number of charge carrier present per unit volume of the conductor.

So, dF = B(neAv)dl sin 0 = e(nAdl)nB sin @ = eNvBsin 6 (3.47)
where N =nAdl = total no. of charge inside the conductor.
So, the force experienced by a moving charge carrier in a magnetic field will be
eNvBsin 4
VI
=evBsinf (3.48)

or, in vector form it can be expressed as
Fn=evxB (3.49)

We call it as the magnetic Lorentz force and the total Lorentz force experienced
by a charge carrier in an electromagnetic field can be obtained by adding up the
electric force or the electric Lorentz force with the magnetic Lorentz force and is
given by

F=Fce+Fn
= e(E + ; X E) (350) for viewing the
motion of a
chargeina

where F. =eE is the electric Lorentz force. (nagnetic field J
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3.10 AMPERE’S CIRCUITAL LAW

In magnetostatics, Ampere’s circuital law relates the integrated magnetic field around a closed path to the
electric current passing through that path. It states that the line integration of the tangential component of a
given magnetic field around a closed path is equal to the enclosed current by the path multiplied by the
permeability of free space. Mathematically it can be expressed as,

qSE.dY —u,1 (3.51)

It is analogous to the Gauss’s law in electrostatics. The law can be derived easily by using Biot-Savart’s
law.

To do that let us consider a long straight current carrying conductor carrying a current / through it. The
magnetic field due to it at a distance » from it is given by using Biot-Savart’s law as,

p=tol

2zr

showing that it is constant at all radial points. Hence the line integral of around the closed circular loop C

with radius 7 is,
<]S Bdi= 95 Bdl
c c
Mol

= BC‘E dl=B2rr= —2 27r [+ B = constant, at all radial points]
r
c

or, (ﬁ Bdl=u,I
c
This is Ampere’s circuital law in integral form.

3.10.1 Ampere’s Circuital Law in Differential Form

The integral form of Ampere's circuital law as given in Eq. (3.51) can be redefined in a differential
manner. As, the total current flowing through a surface of a conductor may be expressed as,

lzjjdﬁ
S

thus the Ampere’s circuital law may be expressed as,
95 B.dl =y, j J.ds (3.52)
c s
Again using Stoke’s theorem in vector calculus when applied to magnetic field we can write,
gSE.d? - j V x BdS (3.53)
c s

Thus comparing Eq. (3.52) and Eq. (3.53) we get,
[9xBas = [ py7ds
N N
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As the equation is true for any arbitrary surface, so equating the integrands on both side we get,
VxB=uJ (3.54)

This is the differential form of Ampere’s circuital law. From this equation it is clear that the magnetic

field is not a conservative one.

3.10.2 Applications of Ampere’s Law

Ampere’s circuital law is also very useful to determine the magnitude of the magnetic field developed
at a fixed distance from a current carrying conductor. In this section we will consider few such

examples.

i) Magnetic field due to a long straight current carrying conductor: Consider an infinitely long

straight wire carrying current /. If a be the radius of the wire then the current density will be,
1

J=— (3.55)
wa a
Now the magnetic field B is a function of distance r only. ii:? 5
Applying Gauss’s law to the pillbox shown in Fig. 3.8 we have, -
B 2xrl=0 § 2

Now using Ampere’s circuital law to the loop PORS in Fig. 3.8

we have, gSE.dY =[B.(r,) - B.(1)]=0 / -
/ r
or, B.(r)=B.(1) (3.56)
Thus B, is a constant and let us take this to be equal to zero.
We draw a circle of radius r, concentric with the wire in a plane T
perpendicular to it in the magnetic field. This will be constant at /
every point and tangential to it. Therefore,
2z v I
gSB.dz = j B,d0=2xrB = 1, (3.57)
0 Fig. 3.8: Amperian loop: Long
where, /. is the enclosed current. straight conductor
Ifr>a, I, = I Thus from Eq. (3.57) we have A
I
B="%"" [forr>a (3.58)
r
B
2
If r <athen I, :7z'r2J:—21
a
Thus from Eq. (3.57) we have, o r=a ; -
B= #Ob; [for r <a] (3.59) Fig. 3.9: Variation of B due to long
2ra straight current carrying conductor

Variation of magnetic field due to a long straight
current carrying conductor with distances along its axis is shown in Fig. 3.9.
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Example 3.13 Calculate the magnetic field just outside and inside a hollow
cylinder of radius 4 cm if it carries 50 A current.

Solution

(a) For a point outside cylinder, according to Ampere’s circuital law we can write

gSEdf =1yl
©
or, (JS Hdl=1
©
or, H2rr=1
o, =t -0 9804/
2zr 27 x0.04
So, the magnetic field of induction is
B:,uﬂH:47r><10_7 XS—O
27 x0.04

=2.5x107*T.
(b) Inside the cylinder, B = 0, since the current exists only on the surface.

o™
!
o3
#5)
=
a
=
>
2

ii) Magnetic field between two infinitely long current carrying conductors: Let /; and /; be the
currents in the two wires X and Y separated by a distance d in free space (Fig. 3.10). Now, the
magnetic field produced by the current /; in Y at any point in X is given by,

gty
2rd
Therefore, the force per unit length exerted on the wire will be,
— A= Y X
F=1zxB L g—
— A A [ !
or, F= M ZXX : !
2rd ”
)“‘, r4
Holi 1y ~ '5\
=——= 3.60 B
md (3.60)

where z is a unit vector in the direction of 7 yand x is a unit vector Fig. 3.10: Two long current

in the direction of B (Fig. 3.10). The force F is directed towards carrying conductors
Y, if I; and I, flow in the same direction and it is directed away from separated by a distance
Y if they are in the opposite direction.

Thus, the wires which carry parallel current will attract each other while the wires which carry
anti-parallel current will repel each other. The magnitude of force per unit length is given by,

_ Monl
2r

B (3.61)
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Example 3.14 Two straight long parallel wires carrying 1 A current each, are
separated by a distance of 2 cm. Calculate the force experienced by either of them.

Solution
Here I, =1, =1A and » =2 cm =0.02 m.

Hence the magnitude of the force experienced by either of the wires will be,

F::UOIIIZ :47r><10_7 x1x1 :2><10_7 10N,
27y 27 % 0.02 0.02

<+
i
o4
25)
=
o
=
>
B

Example 3.15 A long horizontal wire carries a current of 100 A. Another wire
carrying 20 A current is parallel to it and weighs 0.03 N/m. If the second wire is to
be supported on the first by magnetic repulsion, calculate their intermediate
distance.

Solution
Let, the intermediate distance between the wires carrying currents /; and /1 is 7.
According to the problem,
sohly =0.03
2xr

o, 4z %1077 x 100 x 20 s

2rr
_4x1077 x10°
© 003
=1.33x107m.

which is the required intermediate distance.

or,

EXAMPLE 3.15

iif) Magnetic field for a long coaxial cable: Consider a coaxial cable containing a central cylindrical
conductor of radius a and a coaxial outer cylindrical conductor of radius b carrying same current / in
opposite direction. Due to symmetry the magnetic field at a distance » (a < r < b), should be a
function of 7 only. Using Ampere’s circuital law for the closed loop C of radius r (Fig. 3.11) we have,

Cj) Bdl= Mol
c
or, B2rr=pyl
1
or, B=th” [where a < r < b] (3.62)
2rr
When r > b then, from Ampere’s circuital law we have, Fig. 3.11: Coaxial cable

B2rr=pu,(I-1)=0
or, B=0 (3.63)
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iv) Magnetic field due to an infinitely long solenoid: Consider a solenoid of length L. Also let us
consider a closed loop abcd in it, as shown in Fig. 3.12. Ampere’s circuital law when applied to this
loop we get,

Cﬁl?.d?=yo x0=0

Thus, B=0asdi#0.

s - r d - c

f Y7 Y

a b
- L -

Fig. 3.12: Amperian loop: Long solenoid

This means that the magnetic field outside the solenoid is zero. To find the magnetic field inside the
solenoid let us consider another closed loop pgrs in it (Fig. 3.12). Ampere’s circuital law when
applied to this loop we get,

Cﬁ Bdi= I Bdl +I Bdi + IE.d? + I Bdi= 1, % current enclosed by pgrs (3.64)
rq qr rs sp
For the path pg, B and di are in the same direction. Thus,
[ Bai= | Bar=BI
Pq Pq

For the paths gr and sp, d1 is in the opposite direction. Thus,
[Bdi=-[Bdi
qr sp

or, I§d7+I§d7:0
qr sp

For the path rs (since it is outside the solenoid),

jEd?:O

So, from Eq. (3.64) we get after using Ampere’s circuital law,

Cﬁ?.d? = I Bdl=BIl= Honll , where n is the no. of turns/unit length

Pq

or, B = pynl (3.65)
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Example 3.16 A long solenoid of length 2 m and number of turns 3000 is carrying
a current of 1 A. Find the magnetic field at any point along its axis.

Solution

Here, number of turns per unit length is » = 3000/2 = 1500 turns/m and / =1 A.
So, magnetic induction at any point along the axis of the solenoid is

B = pyynl =47x107 x1500x1=1.9x107T.

©
=
o4
25)
=
o
=
>
B

Example 3.17 A long solenoid of length 1.5 m and number of turns 3000 is
carrying a current of 4 A. Find the magnetic field at any point i) inside it, ii) at the
end of the solenoid and iii) outside it.
Solution
Here, number of turns per unit length is # = 3000/1.5 = 2000 turns/m and / =4 A.
1) So, magnetic induction at any point inside the solenoid is
B, = uynl =47 x1077 x2000x4 =1.005x107T.

ii) Magnetic induction at the end of the solenoid is

_ pnl 1.005x107

end — 2 - 2

iii) Magnetic induction at any point outside the solenoid is B, , =0 [since the

T=5.025x10"T.

~
i
o4
25)
=
o
=
>
B

current exists only on the surface].

v) Magnetic field due to a toroid: Consider a closely
spaced winding of a wire wound around a ring. It is
termed as a toroid and can be regarded as an endless
solenoid. Let / amount of current is flowing through
the windings along C,; [Fig. 3.13] and N be the total
number of turns in the toroid. Then using Ampere’s
circuital law for the path C; we have,

¢ Ed_[ = /IONI for viewing
. . . toroidal B field
Fig. 3.13: Toroid G .
or, B2xr = Ho NI circuital law
NI
or, =t _ ol (3.66)
2zr

where n= N is the number of turns per unit length of the toroid.
r

3.11 CURL OF MAGNETIC FIELD

The simplest statement which can relate the magnetic field and moving charges can be addressed by
taking the curl of a magnetic field at any point. It practically gives the current density at that point. To
justify this let us begin with the Ampere’s circuital law, from which we have



(ﬁéd?zyolzyoﬂj.dg
c s

Now, using Stokes’ theorem we have,
§Bdi=[[VxBas
C s

Thus, ”?x?.df?:uoﬂjdg

N

or, Hﬁxﬁ—yoj).dg

Here the surface S is arbitrary. Thus,
VxB- Mo J=0

or, VxB=y,J
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(3.67)

(3.68)

(3.69)

From which we can define the current density at a point in a region of space.

If in a region of space there is no current density i.e., if J =0 then,
VxB=0

3.12 GAUSS’S LAW IN MAGNETOSTATICS

(3.70)

Gauss’s law for magnetostatics is one of the four Maxwell’s equations (will be discussed in detail in
unit 7) which states that the magnetic field has a zero divergence. To establish this we will apply Biot-
Savart’s law to a current carrying conductor. Let the conductor carrying current / is placed at a
distance » from a point P (Fig. 3.14). Due to the flow of current the magnetic field developed

surrounding the point will be,

_ﬂld?x;

dB
4r P

Thus the magnetic field due to the entire path is,

= Hy Id_[ X ;’:
B=—
4r Cﬁ r

=5 M <o Id_[X;: ,UOI = d_Z.X;:

Thus, V.B="—V. =—@pV. 3.71
4z Cﬁ s 4 Cﬁ P ( )
Now, using the vector identity,

V.(AxB)=BYx A~ AV x5

we have, V(d?x%j :L}ﬁ X d7—d7.§><L3
r r r

Fig. 3.14: Current
carrying conductor

(3.72)
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950 6] Gl
Thus, VB=L @;L Vxdi=di¥ = (3.73)

But, V x di =0since d] is not a function of coordinate (x, y, z) of the field point P where we wish
tofind VxB.

Also V x L} =0 and hence from Eq. (3.73) we get,
r

VB=0 (3.74)

Thus we can conclude that the divergence of magnetic field is zero, which implies that the magnetic
field is solenoidal. Eq. (3.74) may be regarded as the differential form of Gauss’s law in
magnetostatics.

Now, from divergence theorem we may write,

W.Edr/ =jj§.d§
14 S

Thus, magnetic flux, ¢ = j BdS=0 (3.75)
S

Eq. (3.75) may be regarded as the integral form of Gauss’s law in magnetostatics. It signifies that
the net flux is zero i.e., the net flux entering and leaving a particular volume are the same. So, there is
no source or sink of magnetic flux. Comparing Eq. (3.75) with the Gauss’s law in electrostatics

[6.3 =plé& ] we have for magnetic fields,
Pn =0

which signifies the non-existence of magnetic monopoles.

Example 3.18 Prove that (ﬁ?.d S=0,when B is the magnetic field and S is a
c

closed surface.
Solution

Using V.B =0 we have after taking volume integral on both sides IVTS’dV =0.
14

Now, using Gauss’s divergence theorem we can write

j V.BdV = gSE.dE 0.
4 C

EXAMPLE 3..18

3.13 MAGNETIC SCALAR POTENTIAL

Magnetic scalar potential in magnetostatics is analogous to electric potential in electrostatics. In a
similar manner as we use the electric potential to find the electric field in electrostatics, magnetic
scalar potential can be used to specify the magnetic field in cases when there are no free currents.
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In a region like that in a current carrying conductor, V x B # 0 however if we have a current

carrying conductor surrounded by empty space, then outside it V x B =0 and we can write B asa
negative gradient of a scalar function as,

B=-Vo,, (3.76)

where ¢, is called as the magnetic scalar potential. It may be

treated as a potential whose negative gradient at any point in a
magnetic field gives the magnetic field at that point due to a closed
current carrying loop. To find it, let us consider a current loop
carrying a current / as shown in Fig. 3.15. According to Biot-
Savart’s law, the magnetic induction at A4 at a distance r relative to
the current carrying element d/ is given by,

= _ Mo Idlxr s dixr Fig. 3.15: Magnetic
B= 4;1-<ﬁ S 4r Cﬁ 3 (3.77) scalar potential

If the point of observation is now moved through a distance dr to the point Q then,

= - I edixr ~ I ¢dixr - Id;.dix;
R L L N (r3 )
or, Bdr= Z—(Z@PMT
:‘%iw; (3.78)

Obviously, when P is shifted to O, let the solid angle subtended by the loop at the point of
observation be changed by an amount dQ and the area traced out by the current element d/ during the

displacement —dr is da = dr x —d|.

- - I ¢cdar I
and hence, Bdr= —“Lcﬁ dar __H! 6 (3.79)
4 e A
dar
where, dQ= (I) 3 (3.80)
r
o, Bdr=-*1S0.4r
4
or, B=_tlSq - g Hlq (3.81)
4 4

Comparing Eq. (3.76) with Eq. (3.81) we get, the magnetic scalar potential as,

0, = % Q (3.82)
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3.14 MAGNETIC VECTOR POTENTIAL

The magnetic vector potential is a vector field that serves as the potential for the magnetic field. As
we already know from Gauss’s law in magnetostatics that, V.B = 0 and also from vector calculus we

have the divergence of curl of a vector is zero, thus B canbe expressed as,
B=Vx4 (3.83)
where A can be regarded as a potential vector and is called as the magnetic vector potential.

Now we have,
VxB=J
Thus, §x§x2=,uo.7 (3.84)
Now, from vector identity we have,
§x§x2=§(§2) ~V*4

If we choose  V.4=0

we get Vi4= —yoj (3.89)
In Cartesian component the above equation may be written as,
VA =—pd VPA =~y and V2 A =~y J (3.86)
Each of these equations is similar to Poisson’s equation V2¢ -~ in electrostatics having the
2

solution of the form,

~ ro)dV,
5y =20 (3.87)
47750 ‘r - ro‘
Thus in a similar manner the solution of Eq. (3.86) may be written as,
J(ro)dV,
A(r )— (3.88)
e nf

Now for a line current / flowing through a wire of length element dly, we can replace JdV, by Idl,
and thus the above equation may be re-written as,

ﬂj. I(ro )dl,
T

1 (3.89)

A(r)=

where / = ‘; - ;o‘ is distance of the length element from the point of observation.

Eq. (3.89) is giving the expression for magnetic vector potential at a distance / from a current
carrying conductor carrying a current /.
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Example 3.19 If at position (X, y, z) in a given magnetic region, the vector
potential is A= (x2 + y2 -2 )}' , find the magnetic field at (1, 1, 1).

Solution
We have, B=VxAd
here A= o +y-2* )}'
i j k -
L
So, magnetic field ]_T?=§><Z=i 9 9 =0 5
ox Oy 0z =
2 2 =
X y =z
>

Thus, at point (1, 1, 1) the magnetic field is zero.

Example 3.20 If the vector potential A= (IOx2 +y'-2° )} is given any position
in a magnetic region, then find the magnetic field vector at the point (1, 1, 2).

Solution
We have,

B=Vx4
here A=(10x" + ? —22)}'

So, magnetic field

i j k
B=vxi=|2 2 <
ox oy 0z S
0 10x* + y* — 2 0 2
e &
=2i+20k E
Hence, at point (1, 1, 2) the magnetic field is = 2i+ 20k . =

Example 3.21 If magnetic vector potential at a point is A =axr, where a is
representing a constant vector; find the magnetic induction vector at that point.

Solution
We have, B=VxAd
ik X
. = = o
where A=axr=la, a,a, =
—
=9
Xy z =
=§(ayz— a,y) +}'(azx—axz) +IAc(axy —a,x) =
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i
So, B=VxA= 9
ox

EXAMPLE 3.21

j k
o 9
Oy oz

(a,z-a.y) (e.x—a.z2) (a,y-a,x)
=2ax§+ 2a, } +2a, k=2a

which is the required magnetic induction vector at that point.

3.15 COMPARISON OF ELECTRIC AND MAGNETIC FIELDS

Electric field

Magnetic field

i) It is developed due to static charges i.e.,
charges at rest.

ii) Electrostatic field can be expressed as

VE= p/ g where p is the volume density of

charge. This implies that, the electrostatic lines
of force will originate from positive charge and
terminate to negative charge, satisfying the
existence of electric monopole.

iii) Electrostatic field is conservative field i.e.,

V x E =0. So electric field can be expressed as
a negative gradient of scalar potential (V) at any

pointie., E=-VV.

1) It is developed due to steady electric current
or a moving charge.

ii) Magnetic field can be expressed as V.B =0.
This implies that the magnetic flux over a closed
surface is zero i.e. magnetic monopole cannot
exist due to the non existence of any source or
sink of magnetic lines of force.

iii) Magnetic field is not conservative as

VxB= ,uoj (Jis the electric current density).

So magnetic field cannot be expressed as a
negative gradient of any scalar potential at a
point.
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UNIT SUMMARY
.

e  Electric current and current density
1=[ar=[Jds
s

e  Electrical conductivity

o= S nyep
F
o  Continuity equation
vi+2 g
ot
e Steady current
V=0
e Lorentz force
F= q(E + VX E)
e  Biot-Savart’s law
gt [Jdl_to [0V

C4rx CA4rx
P 7 y b

7

o  Force on a current carrying conductor placed in a magnetic field
dF =1dIx B

o Force on a moving charge placed in a magnetic field
Fm=evxB

e Ampere’s circuital law
(JS Bdi =1yl
VxB=uJ

e  Curl of magnetic field
VxB=0

e Divergence of B: Gauss’s law in magnetostatics
VB=0

e  Magnetic scalar potential
B=-Vo,,

e  Magnetic vector potential

- 1(r0)dl
A(r) = Z—;I—(Fol) 0
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o Comparison between electrostatic field and magnetic field
Electrostatic field
It is developed due to static charges
Electrostatic field is conservative field
Magnetic field
It is developed due to steady electric current
Magnetic field is not conservative.

EXERCISES

Multiple Choice Questions

3.1

32

3.3

34

3.5

3.6

If B=VxA, Band Aare any vectors then

(a) V.B=0 (b) V.B=1 (c) V.B=-1 (d VB=4
Amongst the following statement which one is not characteristic of a static magnetic field?
(a) it is solenoidal (b) it is conservative

(c) magnetic flux lines are always closed (d) it has no sink or source

At a point just outside a current carrying conducting wire

(a) electric field is zero while the magnetic field is non-zero

(b) magnetic field is zero while the electric field is not

(c) both electric and magnetic fields are zero

(d) neither the electric field is zero nor the magnetic field is zero

A copper wire is bent in the form of a sine wave of wavelength

A and peak to peak value @ as shown in figure. A magnetic
field of flux density B tesla acts perpendicular to the plane of
the figure in the entire region. If the wire carries a steady current
I ampere, the magnetic force on the wire is

(a) I\(a> + 1*)B (b) IaB (c) I(a+ A)B (d) IAB

A conducting loop carrying current / is placed in a uniform magnetic o Y
field pointing into the plane of the paper as shown. The loop will have 8
tendency to !

(a) contract (b) expand

(c) move towards the positive X axis

(d) move towards the negative X axis

The divergence of magnetic flux density is

(a)0 (b1 (c) =1 (d) none of these




3.7

3.8

3.9

3.10

3.11

3.12

3.13

3.14

3.15

3.16

3.17
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The direction of magnetic induction due to a straight infinitely long current carrying wire is
(a) perpendicular to the wire (b) parallel to the wire
(¢) at an inclination of 30° to the wire (d) none of these

A current carrying straight wire cannot move, but a current carrying square loop adjacent to it
can move under the influence of magnetic force. The square loop will

(a) remain stationary (b) move towards the wire

(c) move away from the wire (d) none of these

The physical interpretation of V.B = 0is (B is the magnetic field)
(a) magnetic monopole cannot exist (b) magnetic field is irrotational
(c) magnetic field is conservative (d) magnetic lines of force are open curves

A proton travelling vertically downwards experiences a southward force due to a magnetic field
directed at right angles to its path. An electron travelling northward in the same magnetic field
will experience a magnetic force directed

(a) upwards (b) downwards (c) towards east (d) towards west
Ampere’s circuital law is applicable when the current density is

(a) constant over space (b) time independent  (c) solenoidal (d) irrotational

The vector potential corresponding to a constant magnetic field B along Z-axis can be
represented by

(@) Bz ®2(i-y))  @B(F-x) @[T
The force experienced by a charged particle in a magnetic field is independent of

(a) velocity of the particle (b) strength of the field

(c) charge of the particle (d) mass of the particle

The equation of continuity essentially represents

(a) conservation of mass (b) conservation of charge

(c) conservation of potential (d) conservation of force

The continuity equation for steady current is

@VIi+22-0 () vVi=o © 2 -0 (d) VxJi=0
ot ot

The energy associated with magnetic field His

1
2u,

H2

(@) %HZ (b) 1t H’ © %uon d

A moving charge produces

(a) electric field only  (b) magnetic field only (c) both of them (d) none of them
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3.18

3.19

3.20

3.21

3.22

3.23

3.24

3.25

3.26

The magnetic flux linked with a cell at any instant # is given by @ =10t —100¢ + 50 , the emf
induced in the coil at =4 seconds is

(a) 20V (b) 10V (c) 100V (d) 200V

The magnetic field of induction B at the centre of a circular coil of radius » and total no. of

turns N, carrying current / is

Ho NI Hol Lo NI

ikl (b) 2= (c) 22—
2zr 2r 2r

A wire of length L carrying a current / is bent into a circle. The magnitude of the magnetic field
at the centre of the circle is

lLloNz 12

(a) (d) ——

o Mol Mol 2y 1
27 b) 20 Ul d) =202
@ = ® 7 © 3] ) —

The work done by the Lorentz force F ona charged particle is

(a) F.dr (b) zero c) L (d) gF
2

If total charge in a system is conserved, then

— o 2 ——
(2) V.J =0 by vi-2 ©vj-_2P dvj=_2
ot az ot

The relation between scalar potential ¢ and vector potential A is

Gidene O o T 00 (T s O 57 o
a) Vx A= — b)) VxAd=—pey— () V.A= pye, — d) VA=—p,e, —
(a) Vx ﬂogoat (b) ﬂooat() ﬂooat (d) ﬂooat

If the current density J = kr where 7 is a unit vector along xi+yj, the current through the

surface x* + y2 =a’ ,boundedbyz=0andz =his

A~

(@) za’hi (b) zero (c) 2zahk (d) %
T

Two infinitely long conductors carrying currents /; and /; in the same direction are placed
parallel to each other at a distance » apart. The current in one conductor due to the other will be,

L1 L1
(a) % N away from the first conductor ~ (b) % N towards the first conductor
nr nr

L1
(c) % N away from the second conductor (d) none of these
nr

A toroid with inner and outer radius » and R is having N turns and a current / is flowing through
it. The magnetic field in the midway from » to R is
Nul Nul Nul Nul
(a) ~2= ()~ () —F— () —F—
7(R+r) 7(R—r)
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Vector potential of a moving charge depends on its
(a) charge (b) velocity (c) both (a) and (b) (d) none of these

A wire of radius R is carrying a current /. The magnetic induction inside the wire at a distance r
(<R)is

(a) proportional to 1/R (b) proportional to »  (c) proportional to 1/7 (d) none of these
When a charge particle is moving perpendicular to a magnetic field

(a) its energy and momentum remains constant

(b) its energy and momentum will vary

(c) its momentum vary but energy remains constant

(d) none of these

The magnetic field at a point on the axis and the end face of a solenoid having » turns and
carrying a current / is

Ho NI Lo NI Ho NI
(@) uyNI (b) OT (© OT (d) OT

The magnetic vector potential satisfies
(a) Poisson’s equation (b) Laplace’s equation (c) both (a) and (b)  (d) none of these
The magnetic induction at the centre of a circular loop of radius R carrying current / is given by

Mol Mol Mol Mol
b el d ==
@ 47 R ®) 27R © 2R @ 2R?

Answers of Multiple Choice Questions

3.1 (a), 3.2 (b), 3.3 (a), 3.4 (d), 3.5 (b), 3.6 (a), 3.7 (a), 3.8 (¢), 3.9 (a), 3.10 (a), 3.11 (c), 3.12 (d),
3.13 (d), 3.14 (b), 3.15 (b), 3.16 (c), 3.17 (c), 3.18 (a), 3.19 (c), 3.20 (a), 3.21 (b), 3.22 (d), 3.23 (d),
3.24 (c), 3.25 (b), 3.26 (¢), 3.27 (¢), 3.28 (¢), 3.29 (c), 3.30 (b), 3.31 (a), 3.32 (c)

Short and Long Answer Type Questions

Category |

3.1  Outline the method of measurement of the magnetic field due to a long straight current carrying
wire using Biot-Savart’s law.

3.2  Using Biot-Savart’s law write down the expression of the magnetic field at the centre of a
circular coil carrying current /.

3.3 Find the differences between the Ampere’s law in mangnetostatics in integral form and in

34

3.5

differential form.

A conducting wire in the shape of an equilateral triangle is given to you where each side carries
a current /. What will be the magnetic field at its centroid?

Mention the importance of Biot-Savart’s law in electromagnetism.



122 | Physics - Introduction to Electromagnetic Theory

3.6 Express the mathematical form of the magnetic field with direction at a distance » from a
straight infinite wire carrying a current i.

3.7 Find the magnetic induction B, at a point on the axis of an infinitely long solenoid carrying
current / assuming the number of turns per unit length of the solenoid being n.

3.8  Obtain the magnetic field of a circular loop carrying current / on a point on the axis of the loop.

3.9 Differentiate clearly between electrostatic field and magnetic field.

3.10 What do you mean by magnetic vector potential? Why is it called so?

3.11 Starting from the definition of current density derive the relationV.J + 88—’0 =0, where the

t
symbols have their usual meaning. What is the condition of steady current?

3.12 Applying Ampere’s law of magnetostatics, deduce an expression of magnetic field B due to a
straight conductor of infinite length carrying current /.

3.13 Find the magnetic field at a point P(z) on the axis of a circular current carrying conductor.
Hence find the magnetic field at the centre of the circular ring.

3.14 Apply Ampere’s law to find the magnetic field at an external point due to a toroid.

3.15 Find the force experienced by a current element placed in a magnetic field.

3.16 Find the differences between electric and magnetic Lorentz force.

3.17 Applying Biot-Savart’s law find the magnetic induction due to a circular conducting loop,
carrying current /, on the axial point.

3.18 Using Biot-Savart’s law obtain an expression for the magnetic flux intensity at the centre of a
long current carrying solenoid. Hence show that the field at the end of such a solenoid is half of
that at the centre.

3.19 Obtain the magnetic field induction B ata point on the axis of a current carrying circular
conductor (loop) with n turns.

Category Il

3.20 Give the significance of vector potential and write its importance.

3.21 “Magnetic force does not perform any work”. Explain mathematically.

3.22 Define ampere from the consideration of force between two parallel current carrying
conductors.

3.23 A proton moves with a velocity 0-8 ¢ parallel to a straight current 1 A at a distance of 1 m from

3.24
3.25
3.26

the current. What is the magnetic force on the proton? State the law you used in solving the
above problem.

Express Ampere’s circuital law in terms of magnetic vector potential.
Show how the Ampere’s law implied that the current is in the steady state.

Express Biot-Savart’s law in terms of current density and hence justify why that the magnetic
field is solenoidal.
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Numerical Problems

3.1

32

33

34

3.5
3.6

3.7

3.8

3.9

3.10

3.11

A test charge having charge 0.4 c is moving with a velocity 4;—}' — 2k m/s through an electric

field of intensity 10i+10k and a magnetic field of induction 2i— 6}' — 6k . Determine the
magnitude and direction of the Lorentz force acting on the test charge.

Apply Biot-Savart’s law to calculate field at any axial point due to a circular current carrying
conductor carrying current 2 A and calculate B at the centre of the circle with radius a = 10 cm.

Calculate the magnetic field intensity just outside and inside of a hollow cylinder of radius 4 cm
carrying 50 A current.

A charge g=(1.6x 107°C) is moving in an electromagnetic field of E=2i+ 3}' +k and
B=2i+ 5}' with velocity v=i+ 2}' +2k ms. Find out the force.

~

Find magnetic field at a point (1, 1, 1) if vector potential at that position is A :(IOx2 +y?-7* ) J-

A proton moves with a velocity 0-6 ¢ parallel to a current of 1 A at a distance of 10 cm from the
current carrying conductor. What is the magnetic force on the proton?

Two parallel wires carry equal current of 10 A along with the same direction and are separated
by a distance of 2-0 cm. Find the magnetic field at a point which is 2 cm away from any of
these wires.

A long solenoid of 40 cm length has 300 turns. If the solenoid carries a current of 3-5 A, find
the magnetic field at one end of the solenoid.

Find the magnetic field at the centre of a semicircular conducting loop of radius 3.14 cm
carrying current 1/7 amp.

A circular ring having diameter 0.2 m, cross-section 0.02 m?’, carrying a current of 1 A and
having 200 number of turns. Find the magnetic flux in the ring.

Find the force per unit length of two straight parallel wires 0.02 m apart and carrying parallel
current 1 A in each.

3.12 A steel rod of radius 1 cm is bent to form a circular loop and wound with a coil having 200

turns. If the mean radius of the loop is 10 cm, calculate the amount of current that will produce
a flux of 0.5 mWb in the core. Given that for steel 2= 1000.

PRACTICALS

1. Study of the variation of magnetic field using Helmholtz coils

Aim

1. To study the magnetic field variation with position of current carrying paired coils along their axis

2. To determine the radius of the coil
3. To investigate the principle of superposition of magnetic field
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Apparatus

Two coils, constant current source, Gauss meter, movable magnetic field sensor.

Theory

Magnetic field at a point at a distance » from an elementary current carrying conductor can be
obtained by using Biot-Savart’s law and in vector form it can be expressed as:

gzﬂ_o’diﬁ

(@)

dr 7
Applying the law to a circular current carrying coil of radius @ and number of turns », the magnetic
field at a distance r from centre of coil is given by:
_ M 2znla’
4r (a2 +r )3/2

where / = current flowing in the coil and p, represents the free space permeability, B is expressed in

tesla or Wb/m”. The value of the magnetic field is maximum at the centre of the coil and is given by

_ponl 4z x107nl
2a 2a

(i)

B

T (iii) (a)

or, B G [as 1T = 10" G] (iii) (b)

Fig. (i)

Experimental set up is shown in Fig. (i). If we move away from the centre of the coil either
towards the right or towards the left, the magnetic field intensity decreases. If two such identical coils
are placed coaxially, then depending on the relative sense of flow of current through them, the
individual fields are added or subtracted to obtain the resultant magnetic field at any point on the axis.

Such an arrangement of a pair of identical coaxial coils separated by a distance equal to the radius
of either coil is the Helmholtz coils [Fig. (i7)]. In Helmholtz coils, the individual coil produces
uniform magnetic field between them.
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ance a
—Both Coils —

Magnetic field (G)

Sensor Distance (cm)
Fig. (ii) Fig. (iii)
For the same current flowing through them in the same sense two fields added up and the resultant
magnetic field at an axial point at a distance x from 1* coil is given by
tonla’ 1 1
B’ = 2 2 > 3/2 + 2 ) 3/2
(@ +2) " | +(x-a)]

Fig. (iii) shows a typical variation of the resultant field for Helmholtz coils when current through them
is same and flowing in the same sense through the individual coil.

(v)

Procedure

1. After switching the power ON, the current is to be reduced to zero by rotating the current adjusting
knob towards the anti-clockwise direction up to the minimum position.

2. The position of the 2™ coil is to be fixed at a distance equal to the radius of the coils, from the 1%
coil.

3. Keep the sensor at about 60 mm away from 1* coil and adjust the zero of Gauss meter with ZERO
ADJ knob keeping current 0.0 mA.

4. Put the COIL knob to position 1 so that the 1% coil is connected to the current source. Adjust the
current to say 500 mA.

5. Note down the magnetic field at about 60 mm along the axis of the 1% coil. Now put the COIL knob
to position 2, so that 2" coil is connected to current source and note down the magnetic field.

6. Put the coil knob to position 3, i.e. BOTH, so that 1% and 2™ coil will be connected to the source.
Now again note down the readings.

7. Keep the current same and note down the magnetic field for about 270 mm range at an interval of 5
mm for all the positions i.e. 1¥ coil, 2" coil and both of them.

8. Draw the graphs between distance and magnetic field due to 1¥ coil, 2" coil and both of them along
the axis of coils as shown in Fig. (ii).

Observations
No of turns = ...... ; Position of coil 1 = ........ ; Position of coil 2=.........
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Table 1: Determination of magnetic fields for Coil 1, Coil 2 and both of them

Position of Magnetic Field (in gauss)
No of Obs. the Sensor
(in cm) Coil 1 (By) Coil 2 (By) Both Coils (B) B'=B; + B,
1
2
3
4
5
6
7
8
9
10
11
12
Results

Draw a graph to realize the change of magnetic field with the position along the circular coils carrying
current. You can check that the magnetic field at any point when the current is flowing through both
the coils is the sum of the magnetic field due to the individual coil. Also you can check that the
magnetic field is uniform over a large region when the distance between the individual coils is equal
to their radius. This property can be widely used for scientific as well as industrial applications.

-3
By using the relation B = Az <107 nl , the radius of coil can be calculated as:

a
27nl x107°
aq=——""m
B
Using the values of n, / and B radius of coil a can be determined.

)

Precautions

1. While performing the experiment care should be taken so that there is no stray magnetic field or
ferromagnetic material like keys, screwdriver or similar things near the experimental set up.

2. Each time before starting the experiment, the Gauss meter zero should be adjusted and after
completion of the experiment it is to be verified again by decreasing the current to 0 in both the coils.
3. To avoid the interference of individual magnetic field the axis of coils should be placed along the
east-west direction.

4. The radius of the coil is to be calculated from the centre of winding.



Magnetostatics | 127

2. Measurement of Hall co-efficient and carrier concentration of a semi-
conducting sample using Hall Effect experiment

Aim
1) To determine the Hall co-efficient Ry
ii) To determine the carrier concentration of a given semiconducting sample

Apparatus
Gauss meter, Hall probe, semiconducting (p-type / n-type Ge single crystal) sample with PCB
mounting, power supply (0-16 V, 5A), constant current power supply (0-50 mA)

Theory

The Hall Effect is due to the nature of the current in a conductor. Current has the role for the
movement of large number of charge carriers, e.g., electrons, holes, ions or all of the three. If there is a
magnetic charges will get a force, known as the Lorentz force. If this type of magnetic field
disappears, the charges move nearly straight, ‘line of sight’ paths between collisions with phonons,
impurities, efc. But if a magnetic field with a perpendicular component can be applied, then the paths
between collisions are noted curve. As a result charges under motion accumulate only on one face of
the material. This leaves same and opposite charges to expose on the other face, where mobile charges
have scarcity. This causes an asymmetric distribution of charge density across the Hall element that
arises due to a force which is perpendicular to both the ‘line of sight’ path and the magnetic field
applied. The charge separation produces an electric field which opposes the migration of new charge.
Consequently, a steady electrical potential is created during the period of flow of charge. When
electric current goes through a conductor within a magnetic field, it exerts a transverse force on the
carriers of moving charge that pushed them to one of the sides of the conductor. This can be largely
seen in case of a thin flat conductor as we have illustrated.

Charge development at the conductors’ sides balances the effect of the magnetic field, creating a
voltage that can be measured between the two sides of the conductor. This measurable transverse
voltage is termed as the Hall Effect after the name of E. H. Hall who did this contribution in 1879. It
may be pointed out that the current / is the conventional current, maintain the direction, so that the
electrons motion becomes opposite in the direction. This effect has importance for finding:

1) Type of charge carriers e.g., n-type or p-type,

i) Concentration of the carrier or charge carrier’s number density and

ii1) Charge carrier’s mobility.
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Procedure

1. Switch on the power supply of electromagnet and measure the magnetic flux density in between the
pole faces using Gauss probe.

2. Place the specimen in between the pole faces such that the magnetic field is perpendicular to the
strip.

3. Connect one pair of contacts of specimen on the opposite faces to the current source and other pair
to the multi-meter of Hall Effect setup.

4. Using current source allow the current (of mA order) to flow in the specimen and thereby determine
the Hall voltage in the multi-meter.

5. Increase the current through the specimen gradually and measure the corresponding Hall voltages.
Observations

Table 1: Determination of Hall current and Hall voltage

Constant current supply: 1.5 A

SI No Current I (mA) Hall Voltage Vg (mV)

O[R[N DN ||V~

—_
(=)

Precautions

1. Care should be taken to check whether the Gauss meter is initially showing zero value or not. This
can be done by placing the probe at somewhere and adjusting offset zero knob until zero is displayed.
2. Place the specimen at the centre of the pole pieces of the electromagnet and ensure that it is situated
exactly perpendicular to the magnetic field.

3. For the measurement of the magnetic flux density, Hall probe is to be kept at centre position of the
pole pieces.

4. Identify carefully direction of coils of the electromagnet for generating highest magnetic field. It is

further verified by keeping the soft iron close to the magnetic field generated. It is then observed to
note whether it becomes strongly attracted or weekly attracted to the related magnetic poles.
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Results
The expression for the Hall co-efficient is:
Vy t
R = _H X — l
H=T % (@)

where V= Hall voltage (in mV),

I = current (in mA) through the specimen, 4+
¢ = thickness of specimen in m,
and B = magnetic flex density in T. T
. V
T lly = 0. L <
ypically ¢ = 0.5 mm and i can be calculated from = Slope = Vi
the slope of the curve in Fig. (ii). F
So, Hall co-efficient Ry = ............... Q-m/T.
The expression for the carrier concentration is: >
1 ) O | (mA) —>
"TUR, (i) Fig. (ii)

where ¢ = charge of electrons/holes,
and Ry = Hall co-efficient.
So, carrier concentrationn = ...... /.

KNOW MORE

Magnetostatics may be considered as the subfield of electromagnetics focusing a static magnetic field, like
the one generated by a steady electric current or a permanent magnet. People of ancient Greece and China
found that a lodestone align itself at all the times in a longitudinal direction when allowed to rotate freely.
Lodestone was the first known magnet which is a type of iron ore known as magnetite (Fe;O,).

Activity

The essential source of any magnetostatic field is the permanent magnets and constant electric currents.
The widely used laws of the magnetostatic fields are the Biot-Savart’s law as well as the Ampere’s law.
The property of lodestone allowed for making the compass in two thousand years ago. This was the first
known use of the magnet.

Interesting facts

Pierre de Maricourt in 1263 mapped the magnetic field of a lodestone with the help of a compass when he
discovered the two poles of the magnet. William Gilbert, a physician of Queen Elizabeth I, through some
experiments came to the conclusion in the 1600’s that Earth itself was a huge magnet.

A permanent magnet may be accepted as a natural source of magnetostatics field. An accelerated
charge is responsible to produce changing electric and magnetic field.
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This further gives rise for propagating electromagnetic field and hence this does not produce a static
magnetic field.

Analogy

Danish physicist Hans Christian Oersted, in 1820, discovered that an electric current flowing through a
wire can deflect a compass needle. This also concludes that magnetism and electricity are related.

History

Ancient Greeks were first familiar to have used this mineral, which they termed as a magnet due to its
ability to attract other pieces of the same material and iron.

The Englishman William Gilbert (1540-1603) first investigated the properties of magnetism
systematically following scientific methods.

Timelines
600 BC : Thales of Miletus discovered attraction of lodestone’s to iron
1200 AD: Chinese started to use lodestone compass for navigation
1259 AD: Petrus Peregrinus of Italy discovered the same thing with further improvement
1600 AD: Willian Gilbert discovered that the earth has a giant magnetic field
1742 AD: Thomas LeSeur established inverse cube law for magnets
1820 AD: Hans Christian Oersted discovered that current twists magnets
Andre Marie Ampere showed that parallel currents attract/repel

Jean-Baptiste Biot and Felix Savart established inverse square law

Applications (Real Life / Industrial)

Magnetostatics is used widely in different applications of micromagnetics like models of magnetic
storage devices related to computer memory. Magnetostatic focusing can be obtained either by a permanent
magnet or by sending current through a coil of wire whose axis is in coincident with the beam axis.

Pierre de Maricourt, in 1269, from a series of observations found that the direction of a compass near a
magnet formed curved lines, which are passed through two points diametrically opposed to each other.
These points were termed by him as poles.
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In 1600 AD William Gilbert published some interesting findings of his experiments with magnetism.
He proved that earth itself has a large permanent magnet.

Case Study (Environmental / Sustainability / Social / Ethical Issues)

The term magnet came from the ancient Greek city of magnesia, at which many natural magnets were
found. As early as 121 AD, it was known by the Chinese that an iron rod when brought close to the natural
magnet would acquire and retain the magnetic property. Also when this iron rod suspended from a string
they observed that it aligned itself in a north-south direction.

It is important to note that while the magnetic flux through a closed surface becomes always zero but
the magnetic flux through an open surface need not be zero. This is considered as an important quantity in
electromagnetism, particularly when the electromagnetic wave propagates through the atmosphere.

Inquisitiveness and Curiosity Topics

A usual technique is there to solve a series of magnetostatic problems at incremental time steps for the
purpose of using these solutions for reintroducing Faraday’s law. Plugging the result so obtained one can
implement those into Faraday’s law to find a value which had previously not considered. Though the
technique applied is not a true solution of Maxwell's equations but it can provide a very good
approximation for slowly varying fields.

The famous Indian surgeon Sushruta was the first to make use of the magnet for sophisticated surgical
purposes.
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Magnetostatics in a Linear
Dielectric Medium

UNIT SPECIFICS

We have discussed the following topics in this unit:

e Magnetization and the relation between magnetic intensity, magnetic intensity and
magnetization;

Diamagnetism and Larmor frequency;

Susceptibility and Curie law;

Weiss molecular field theory;

Curie-Weiss law;

Anti-ferromagnetism;

Ferromagnetism;

Different types of ferrites.

The practical applications of the topics are discussed for generating further curiosity and
creativity as well as improving problem solving capacity.

Besides giving a large number of multiple choice questions as well as questions of short and
long answer types marked in two categories following lower and higher order of Bloom’s
taxonomy, assignments through a number of numerical problems, a list of references and
suggested readings are given in the unit so that one can go through them for practice. It is
important to note that for getting more information on various topics of interest some QR codes
have been provided in different sections which can be scanned for relevant supportive
knowledge.

After the related practical, based on the content, there is a “Know More” section. This section
has been judiciously designed so that the supplementary information provided in this part
becomes beneficial for the users of the book. This section mainly highlights the initial activity,
examples of some interesting facts, analogy, history of the development of the subject focusing
the salient observations and finding, timelines starting from the development of the concerned
topics up to the recent time, applications of the subject matter for our day-to-day real life or/and
industrial applications on variety of aspects, case study related to environmental, sustainability,
social and ethical issues whichever applicable, and finally inquisitiveness and curiosity topics of
the unit.
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RATIONALE

This unit on Magnetostatics in a Linear Dielectric Medium will help our students to get a clear
idea about magnetization M and the relation between B, H and M. It will help to develop some
important ideas on diamagnetism and Larmor frequency as well as susceptibility and Curie law.
The explanation on Weiss molecular field theory and Curie-Weiss law are topics whose
understanding help for further development of the subject. Anti-ferromagnetism and
ferromagnetism are also outlined as supporting topics with large area of applications.

It is important to mention that the magnetization need not be static. The equations developed
by the scientists on magnetostatics can be successfully utilized for predicting fast magnetic
switching events which occur on nanoseconds or less time scales. Interestingly, magnetostatics is
a very good approximation under the situation when the currents are not static. It has a wide use
in various emerging applications of micromagnetics, e.g., models of magnetic storage devices
in computer memory.

PRE-REQUISITES

Mathematics: Vector Calculus (Class XII)
Physics: Electromagnetism (Class XII)

UNIT OUTCOMES

List of outcomes of this unit is as follows:

U4-O1: Describe magnetization and the relation between magnetic intensity, magnetic intensity
and magnetization

U4-02: Describe diamagnetism and Larmor frequency
U4-03: Explain susceptibility and Curie law
U4-0O4: Explain Weiss molecular field theory and Curie-Weiss law

U4-0O5: Discuss ferromagnetism, antiferromagnetism and ferrites

Unit-4 EXPECTED MAPPING WITH COURSE OUTCOMES
Outcomes (1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation)
CO-1 CO-2 CO-3 CO-4 CO-5 CO-6
U4-01 3 2 - 1 1 1
U4-02 . . . . 3 .
U4-03 . . . . 3 -
u4-04 - - - - 3 -
U4-05 . . . . 3 -
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4.1 INTRODUCTION

The substances which can be magnetized when placed in an external magnetic field are known as the
magnetic materials and the corresponding magnetic field is sometimes called the magnetizing field.
Depending on the exhibited magnetic properties, substances can be grouped under the following:

i) diamagnetic,

il)  paramagnetic,

iii)  ferromagnetic,

iv)  antiferromagnetic and

V)  ferrimagnetic.

Some of these substances do not show any permanent magnetic dipole moment, whereas some other
exhibits permanent magnetic dipole moment even after the removal of the external magnetic field.
Based on this feature, in this unit we will discuss some important magnetic properties of materials.

4.2 MAGNETIC INDUCTION AND INTENSITY

Magnetic induction may be defined as the total quantity of magnetic flux in any area which is taken as
perpendicular to the direction of the magnetic flux.

Its SI unit is Wb/m” or alternately tesla (T) while the CGS unit is gauss (G). The relation between
the two unit is 1T = 10" G.

At any point in a magnetic field, the magnetic field intensity is defined as the force experienced by
a unit magnetic north pole which is kept at that said point in the concerned magnetic field.

Alternatively, magnetic field intensity is the amount of magnetic flux in a unit area perpendicular
to the direction of magnetic field. Its SI unit is A/m and CGS unit is Oe.

The relation between the magnetic induction B and the magnetic field intensity A in vacuum can
be expressed as,

B=pH (1)
In Eq. (4.1), 4, represents the permeability in free space. Its value in SI unit is 47 x 10~ H/m.

4.3 MAGNETIZATION

In an external magnetic field, if a magnetic material is kept, it gets magnetized due to the process of
magnetic induction. The intensity of magnetization is defined as the magnetic dipole moment
produced per unit volume of the substance. Hence,

M ti t
Magnetization (M) = agnetic moment ()
Volume (V)
)7
or, M== 4.2
v (4.2)

Actually, it is the measure of the developed magnetism in a magnetic substance when placed in a
magnetic field. For a magnet of length /, with the strength of the pole m and cross-sectional areacr,
the magnetization will be,
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H_Im_m
Vo la «a
Thus the intensity of magnetization is the strength of the pole per unit area of the magnetic substance.
In a solenoid of # turns per unit length, the magnetization will be,

(4.3)

=" (4.4)
(04

Its SI unit is A/m and CGS unit is Oe (same as magnetic field intensity).

4.4 MAGNETIC SUSCEPTIBILITY

The magnetic susceptibility is the measurement of how much a material will be magnetized in any
applied magnetic field. It can be defined as the ratio of magnetization]\_/f , i.e., the magnetic moment
per unit volume to the magnetizing field intensity H applied there.

For isotropic material, M and H are parallel and the susceptibility is expressed as,

M:;(ﬁ

M
or, =— 4.5
X=0 (4.5)

yis then a scalar quantity, known as the magnetic susceptibility and is essentially a unit less

number (the ratio of two similar quantities). It is the property of a magnetic substance which
determines how easily a magnetic substance can be magnetized. In case of a gram-molecule one may
introduce the molar susceptibility y,, .

Example 4.1 If a magnetic field inside of a solenoid is 10” T when it is empty and
2 T when it is filled with iron, calculate the relative permeability of iron.
Solution
Here, M=2 T and H = 10°T.
2
107
Thus, the relative permeability of iron is g, =1+ y =1+2000 =2001.

=2000.

So, susceptibility of iron is y = % =

EXAMPLE 4.1

Example 4.2 If the susceptibility of a medium is 3.7, find the absolute and relative
permeability.

Solution
The susceptibility of the medium is y =3.7.

Thus, the relative permeability of the medium is
=1+ y=1+37=47.

and the absolute permeability of the medium is
=gy =4Tx4rx107 =5.9x10°N/A%.

EXAMPLE 4.2



Example 4.3 If the maximum permeability of a material is 0.15x102N/A?
calculate the relative permeability and the susceptibility of the material.

Solution

Here, 1 =0.15x10" N/A® and ty =4 x107".

Thus, the relative permeability of the

i’

ty  4rx1077

=11.94x102

and the susceptibility of the material is = ¢z, —1=11.94x10% ~1=1193.

4 _0.15x107
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material is

ot
<+
#5]
=
a
=
>
2

Example 4.4 For a bar of a metal alloy the magnetization is 1.2 x10° A/m when
the magnetic field is 200 A/m. Determine the magnetic susceptibility and magnetic

induction within the alloy.

Solution

Here M =1.2x10°A/m and H =200A/m.

1.2x10°

Thus, the magnetic susceptibility is y = T =6000.

and the magnetic induction within the alloy is
H

B:yH:,uO(1+;()

=47 x107 x(1+6000)x 200 =1.507 T.

200

EXAMPLE 4.4

Example 4.5 A magnetizing field of 1000 A/m produces a magnetic flux 10° Wb
in a bar of iron of cross sectional area 0.2 cm’. Find the susceptibility and

permeability of the bar.

Solution

Given, H = 1000 A/m, ¢=10°Wb and 4 = 0.2 cm*= 0.00002 nr’.

107
0.00002

B
So, permeability of the bar is u=—

Thus, B= 2 =
A

and the susceptibility of the baris y =*—-1=———-1=397.1.

H 1000

=0.5Wb/m?.

—£=5x10’4Wb/m2.

U 5x107

EXAMPLE 4.5

Mo 47 x1077
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Example 4.6 A sample of iron having length 5 cm cross sectional area 2x10™* m’
develops a magnetic moment of 1000 A/m’. Find the intensity of magnetization
and magnetic induction if the magnetic field intensity is 10° A/m.

Solution

Given, magnetic moment of the specimen () = 1000 A/m’ length of the
specimen (/) = 5 cm, cross sectional area of the specimen (4) = 2x10™*m” and the
magnetizing field (H) = 10° A/m.

Thus, the volume of the sample is ¥ =14 =5x1072x2x10"* =10~ m".

So, the intensity of magnetization is, M =% = 11(())(3? =10® A/m,
M 10
the susceptibility of the sample is y = o % =10’ A/m

and the permeability of the sample is

1= py(1+ ) =47 x107 (1+10*)=1.27x107".

°
<+
25|
=
o
=
>
B

Thus, the magnetic inductionis B = zH =1.27x107* x10° = 0.0127T.

4.5 RELATION AMONG B, H AND M
For any medium with permeability y(: Ho M, ) , the magnetic induction B and the intensity of the
magnetic field H are related as:

B=upuH=pypu H=ypypu H+ pyH— pyyH [where u, is the relative permeability]

or, B:/10H+u0H(yr—1):u0H+/10;(H
= poH + u, M [where M = y H is the magnetization]
or, B =y (M + ﬁ) (4.6) (a)
where, 7 =§_z\7 (46) (b)
0

Example 4.7 If the intensity of the magnetic field and the susceptibility are 10°
A/m and 10~ respectively, calculate the magnetization field and flux density.

Solution
Here, H=10° A/mand y =10".

So, the magnetization field is M = yH =107 x10° =10° A/m.

EXAMPLE 4.7

and the flux density is B = p4,(M + H)=4zx107 x (10°+10°) =1.26T.
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Example 4.8 Calculate the magnetic induction of a specimen, if the magnetic field
intensity is 10° A/m and the susceptibility of the material of the specimen is 10™,

Solution

Given, magnetic field intensity is 10° A/m and susceptibility of the specimen
material is 10,

Thus, the intensity of magnetization is, M = yH =10"* x10° =10> A/m.

EXAMPLE 4.8

and the magnetic induction is B = u,(H + M) =47 x107 ><(106 +102) =1.256T.

4.6 CLASSIFICATIONS OF MAGNETIC MATERIALS

All substances made up of electrons and protons show some kind of magnetic behavior. This magnetic
origin of the materials is due to the orbital motion and spin of the electrons and for their mutual
interactions. The individual or the group of atoms effectively behaves as a magnetic dipole aligned
with the applied magnetic field. The net effect of all such dipoles develops the magnetic behavior of
the materials. The magnetic properties of materials can be classified into the following five categories:

1)  diamagnetism,

il)  paramagnetism,

iil) ferromagnetism,

iv)  antiferromagnetism and

V)  ferrimagnetism.

Materials in the first two categories do not show any collective interactions. They are not ordered
magnetically. On the other hand, below a certain temperature the materials in the last three categories
are ordered magnetically. This temperature is known as the critical temperature. Usually
ferromagnetic and ferrimagnetic materials are considered as magnetic (like iron). Remaining three
categories are so poorly magnetic that they are commonly termed as non-magnetic.

4.6.1 Diamagnetism

The diamagnetic materials are composed of atoms having net magnetic moments zero. This happens
as in all the orbital shells, there are no unpaired electrons. But with the application of a field a
negative magnetization will be developed there making the susceptibility negative. Fig. 4.1 (a) shows
the plot of M vs H, indicating that when the field is zero the magnetization is zero. Another important
characteristic of diamagnetic materials is that the susceptibility is temperature independent [Fig. 4.1
(b)], e.g., quartz (Si0,), calcite (CaCO»), water etc.

T H = T—=

X = constant

(a) (b)
Fig. 4.1: (a) M-H and (b) y -T curve for diamagnetic substances
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Properties of diamagnetic materials: Some of the important properties of diamagnetic materials are
given below.

i)  Relative permeability of this type of material is slightly less than unity.

il)  Magnetic susceptibility of this type of material is negative and is independent of the applied
magnetic field strength.

iii)) When kept in any magnetic field, the field lines are repelled.

iv)  Permanent dipoles are absent in this type of material.

4.6.2 Paramagnetism

In this category of atoms or ions there is a resultant magnetic moment owing to unpaired electrons in
partially filled shells. But the individual magnetic moments have no capability to interact magnetically
and when the field is removed the magnetization becomes zero. In the presence of a field, there is a
partial alignment of the atomic magnetic moments in the direction of the field, resulting in a net
positive magnetization and positive susceptibility (Fig. 4.2).

Moreover in order to align the moments, the effect of the field is opposed owing to the effects of
the temperature. Using the Curie law of magnetostatics, we can express the temperature dependence
of susceptibility.

=
> -

(a) (b)

Fig 4.2: (a) M-H and (b) y -T curve for paramagnetic substances
Properties of paramagnetic materials: Some of the important properties of paramagnetic materials
are-

i)  Magnetic susceptibility of this type of material is positive and is independent of the field
strength applied but depends on temperature.

ii)  Relative permeability of this type of material is slightly higher than 1.

iii)  If kept in any magnetic field, an attraction will occur among the field lines.
iv)  This type of material possesses permanent dipoles.

v)  Inabsence of external magnetic field, the dipoles are randomly oriented.
vi)  Spin alignment of these types of material is also random.

4.6.3 Ferromagnetism

These types of materials exhibit parallel alignment of moments causing huge net magnetization even
when the magnetic field is not present. Two distinct characteristics of ferromagnetic materials are: 1)
spontaneous magnetization and ii) the existence of magnetic ordering temperature.

Fig. 4.3 shows the plot of M vs H and y vs T curves for a typical ferromagnetic substance.



Magnetostatics in a Linear Dielectric Medium | 141

- . - T,

v H—> | T
(@) (b)

Fig. 4.3: (a) M-H and (b) y -T curve for ferromagnetic substances

Properties of ferromagnetic materials: Some of the important properties of ferromagnetic materials

are-
1)  Magnetic susceptibility of this type of material is highly positive and
they behave as paramagnetic material above Curie temperature. 53
ii)  Relative permeability of this type of material is very much greater than = =
unity. 3
[=]

ili) A strong attraction is observed when kept in a magnetic field.
iv)  This type of material possesses hysteresis.

to know why

v)  This type of material consists of a number of spontaneously magnetized fm"“eri“ls Al
. erromagnetic/

domains. N

vi)  Spin alignment of this type of material is parallel.

4.6.4 Ferrimagnetism

Ferrimagnetic materials have high resistivity. They also have anisotropic properties. In practice,
the anisotropy is induced due to an external applied field. At the time when the applied magnetic field
is aligned with the magnetic dipoles, there develops a net magnetic dipole moment. This causes the
dipoles to precess at some frequency governed by the field applied. This, frequency is known as
the Larmor precession frequency (will be discussed later). They exhibit spontaneous magnetization
below Curie temperature and show no magnetic ordering (paramagnetic behavior) above this
temperature.

However, under certain conditions a temperature below the Curie temperature is attained when the
two opposing moments become same, causing a netzero magnetic moment. This is known as
the point of magnetization compensation. Ferrimagnetisms as revealed by ferrites occur within
the molecular magnets. Here we can mention the name of the oldest known magnetic
substance magnetite (Fe;O4), which is a ferrimagnet in behavior.

Properties of ferrimagnetic materials: Some of the important properties of ferrimagnetic materials
are-

i)  Magnetic susceptibility of this type of material is highly positive and they behave as
paramagnetic material below Neel temperature.

ii)  Above Curie temperature they become paramagnetic.
ii)  This type of material possesses a net magnetic moment.
iv)  Spin alignment of this type of material is anti-parallel with different magnitudes.
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4.6.5 Anti-ferromagnetism

The magnetic moments of atoms or molecules for this material are generally related to the spins
of electrons. In a regular pattern the atoms are aligned with nearby spins on various sub-lattices which
are pointed in reverse directions. Usually, anti-ferromagnetic order may found to exist at considerable
low temperatures and disappearing at certain temperature called the Neel temperature. For an anti-
ferromagnetic material the susceptibility shows a maximum at this temperature. When we apply a
temperature greater than this temperature the material is typically paramagnetic.

In absence of any external applied field anti-ferromagnetic substances have a zero net
magnetization. In presence of an applied external magnetic field, a type of ferrimagnetic property may
be demonstrated in the anti-ferromagnetic phase, with the absolute value of one of the sub-lattice
magnetizations differing from that of the other sub-lattice, resulting in a non-zero net magnetization. It
is important to note that the net magnetization should be zero at absolute zero. Hematite is a good
example of a typical anti-ferromagnetic material.

Properties of anti-ferromagnetic materials: Some of the important properties of anti-ferromagnetic
materials are-

i)  Magnetic susceptibility of this type of material is small positive and they depend largely on
temperature.

ii))  Below Curie temperature the susceptibility increases with temperature and above Curie
temperature it decreases with temperature.

iii))  Spin alignment of this type of material is anti-parallel with same magnitudes.

4.7 PERMANENT MAGNETIC DIPOLES

Some properties of magnetic materials can be determined by the presence of elementary magnets
called permanent magnetic dipoles. Also if a charged particle has an angular momentum, it can behave
like a permanent magnetic dipole.

Total magnetic dipole moment of an atom is the resultant of i) orbital angular momentum, i;) spin
angular momentum and #ii) nuclear spin angular momentum of the electrons in the atom.

i) Orbital angular momentum: For any electron of an atom the motion is quantized and can be
described by:

a) Principal quantum number (n): It can take integer values (1, 2, 3, ...). Corresponding electronic
shells are designated as K, L, M, ... .

b) Angular momentum quantum number (/): For a given n, it is restrictedto / =0, 1, 2, ... , (n- 1)

and the electrons are respectively designated as the s, p, d, f, g, ... electrons. The total angular

momentum associated with a given /is a[/(/ + 1)]1/2 )

¢) Magnetic quantum number (m;): The possible component of angular momentum along any
direction of the magnetic field is obtained by this quantum number. For a given /, it is restricted to the
values 0, +1,42,43,.... + [ . The total angular momen